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Abstract

Martin’s Axiom and some consequences, iterated forcing, forcing Martin’s axiom,
Cichon’s diagram, proper forcing, supercompact cardinals, forcing the Proper Forcing
Axiom

1 Introduction

The method of forcing allows to construct models of axioms of set theory with interesting
or exotic properties. Certain results can be obtained by transfinite iterations of this tech-
nique. More precisely, iterated forcing defines generic extensions, which can be construed
as an increasing well-ordered tower of intermediate models where successor models are
generic extensions of the previous model. Such an analysis is already possible for the stan-
dard Cohen model for 2% = R, . In that model, partially generic filters exist for the stan-
dard Cohen forcing Fn(Ry, 2, Ro). This motivates forcing axioms postulating the existence
of partially generic filters for certain forcings. Martin’s Axiom MA is a forcing axiom for
forcings satisfying the countable antichain condition (ccc). We shall study some conse-
quences of MA and shall then force MA by iterated forcing. We shall also study the
Proper Forcing Axiom PFA for a class of forcings which are proper.

Many forcing constructions are concerned with properties of the set R of real numbers.
There are several forcings which adjoin new reals to (ground) models. Different forcings
adjoin reals which may be very different with respect to growth behaviour and other
aspects. Cardinal characteristics of R have been introduced to describe such behaviours.
They are systematised in CICHON’s diagram. Using MA and iterated forcings several con-
stellations of cardinals are realizable in CICHON’s diagram.

2 Cohen forcing

The most basic forcing construction is the adjunction of a Cohen generic real ¢ to a count-
able transitive ground model M. The generic extension M|c] is again a countable transi-
tive model of ZFC and it contains the “new” real ¢ ¢ M. We saw before that the adjunc-
tion of ¢ has consequences for the set theory within M|c]:

Theorem 1. In the COHEN extension M|c] the set R N M of ground model reals has
(Lebesque) measure zero.



On the other hand, inside a given model of set theory, the set of reals has positive mea-
sure, i.e., does not have measure measure.

Exercise 1. Show that the measure zero sets form a proper ideal on R which is closed under count-
able unions.

Exercise 2. Show that the following Cantor set of reals has cardinality 2%° and measure zero:

C={zeR|Vn<wz(2n)=z(2n+1)}.

The set of ground model reals in M|c| can be a set of size W, that has measure zero. This
leads to the question whether it is (relatively) consistent that all sets of reals of size N;
have measure zero. Of course this necessitates 2% > N, . It is natural to ask the question
about Cohen’s canonical model for 2% > X, .

Consider adjoining A COHEN reals to a ground model M where A\ = R3!. Define \-fold
COHEN forcing P=(P,<,1)€ M by P=Fn(A xw,2,%y), <=2, and 1 =(. Let G be M-
generic on P. Let F = |JG: A x w— 2 and extract a sequence (cg|a < \) of Cohen reals
cgiw— 2 from I by:

Then the generic extension is generated by the sequence of Cohen reals:
M|G] = M](cs|5 < A)].
It is natural to construe M[G] as a limit of the models M[(cs|3 < «)] when a goes
towards A: Fix a < A. Let P, =Fn(a x w,2,8g) and R, =Fn((A\ a) X w, 2, Ny), partially
ordered by reverse inclusion. The isomorphisms
PXP,xR,and P, 12 P, xQ
imply that G, =GN P, is M-generic on P, and that
Ho={q€Q [{((v,n), i) [ (n,7) € ¢} € Gay1}
is M[G,)-generic on Q. Let M, = M[G,] be the a-th model in this construction. Then

Mot1= M[Ga—H] = M[Ga] [Ha] = Ma[Ha]'

It is straightforward to check that ¢, =|J Ha . So the model M[G] = M, is obtained by a
sequence of models (M, | &« < A) where each successor step is a Cohen extension of the pre-
vious step. The whole construction is held together by the “long” generic set G which dic-
tates the sequence of the construction and also the behaviour at limit stages.



Consider a real x € M[G]. Identifying characteristic functions with sets we can view z as a
subset of w. In the previous course we had seen that there is a name @ € M, 2% =z of the
form

t={(1, g)ln<wA g€ A},

where every A, is an antichain in P. Since P satisfies the countable chain condition, there
is a < A such that A, C P, for every n <w. Then

r =36 = 3@ = 3Ga € M[G,)

In M|G] consider a set B = {z; | i <R} of reals of size ;. One can view B as a subset of
XM As in the above argument, there is an o < X such that B € M, . By our previous
Lemma, B C R N M, has measure zero in the Cohen generic extension M|c,]. So B has
measure zero in M[G]. The model M[G] establishes:

Theorem 2. If ZFC s consistent then ZFC + “every set of reals of size <X; has
Lebesgue measure zero” is consistent.

Together with models of the Continuum Hypothesis this shows that the statement “every
set of reals of size <N; has Lebesgue measure zero” is independent of the axioms of ZFC.

One can ask for further properties of Lebesgue measure in connection with the uncount-
able. Is it consistent that every union of an N;-sequence of measure zero sets has again
measure zero?

Exercise 3.

a) Show that in the model M[G] = M|(cg | B < A)] there is an N;-sequence of measure zero sets
whose union is R..

b) Show that {cg| 8 <A} has measure zero in M[G].

Exercise 4. Define forcing with sets of reals of positive measure (i.e., sets which do not have measure
Z€ro).

We shall later construct forcing extensions M|[G] which are obtained by iterations of
forcing notions similar to the above example. We shall require that in the iteration M,
is a generic extension of M, by some forcing Q, € M, = M[G,] ; the forcing is in general
only given by a name Qa € M such that Q, = QS“ To ensure that this is always a partial
order we also require that 1p_ I+ Qa is a partial order. Technical details will be given later.

A principal idea is to let Q, be some canonical name for a partial order forcing a certain
property to hold, like making the set of reals constructed so far a measure zero set. A cen-
tral concern for such iterations, like for many forcings, is the preservation of cardinals.



3 Forcing axioms

The argument that the set RN M of ground model reals has measure zero in the standard
Cohen extension M[H]|= M]|c| by the Cohen partial order () rests, like most forcing argu-
ments, on density considerations. For a given ¢ = 27", a sequence Iy, [, I, ... of real inter-
vals such that ) _ length(/,) <¢is extracted from the Cohen real c. It remains to show
that X C Un<w I,. For x e RN M a dense set D, is defined so that H N D, # () implies
that x € |J,,_, In . To cover the real x requires a “partially generic filter” which intersects
D, . This approach is captured by the following definition:

Definition 3. Let (Q),<,1q) be a forcing, D be any set, and k a cardinal.

a) HCQ is a filter on Q if Vpe HVqe Q (p<q—q€ H) and ¥p,q€ HIr € H (r <
pAT<q).

b) A filter H on @Q is D-generic if DNG £ for every D € D which is dense in Q.

c) The forcing axiom FA,(Q) postulates that there exists a D-generic filter on @ for
any D of cardinality <k .

For any countable D we obtain the existence of generic filters just like in the case of
ground models.

Theorem 4. (Rasiowa-Sikorski) FAy,(Q) holds for any partial order Q) .

Proof. Let D be countable. Take an enumeration (D,|n < w) of all D € D which are
dense in ). Define an w-sequence ¢ = qo = ¢1 = @2 > ... recursively, using the axiom of
choice:

choose ¢,+1 such that ¢,+1<¢q, and g,.1€ D,, .

Then H={g€ Q|In<w ¢, < ¢} is as desired. O

Exercise 5. Show that FA,(Q) holds for any x-closed partial order @ .

The results of the previous chapter now read as follows:

Theorem 5. Let Q =Fn(w, 2,Rg) be the Cohen partial order and assume FAx,(Q). Then
every set of reals of cardinality <Xy has measure zero.

Theorem 6. Let M[G] be a generic extension of the ground model M by A-fold Cohen
forcing P=(P,<,1)=Fn(A x w,2,Rg) where A=8}". Then in M|G], FAy,(Q) holds.



Proof. We may assume that every D € D is a dense subset of ). Then D can be coded
as a subset of NI/, There is @ < A such that D € M[G,]. The filter H, corresponding to
the a-th Cohen real in the construction is M[G,)-generic on Q). Since D C M[G,], H, is
D-generic on Q). O

So for the Cohen forcing ) we have a strengthening of the Rasiowa-Sikorski Lemma from
countable to cardinality <N;. This is not possible for all forcings:

Lemma 7. Let P =Fn(Xg, Ny, V) be the canonical forcing for adding a surjection from X,
onto Ry . Then FAy,(P) is false.

Proof. For a < N; define the set

D,={peP|acran(p)}

which is dense in P. Let D ={D, | @ < ¥;}. Assume for a contradiction that H is a D-
generic filter on P. Then | J H is a partial function from X, to N;.

(1) | H is onto R;.
Proof. Let o <N;. Since H is a D-generic, HN D, # 0. Take pe HN D,,. Then

aeran(p) C ran(U H)

qed.

But this is a contradiction since N; is a cardinal. ]

Exercise 6. Show that FA,x(Fn(Xo, Rg, Ro)) is false.

So we cannot have an uncountable generalization of the Rasiowa-Sikorski Lemma for forc-
ings which collapse the cardinal X;. Since countable chain condition (ccc) forcing does not
collapse cardinals, this suggests the following axiom:

Definition 8.

a) Let k be a cardinal. Then MARTIN’s axiom MA, is the property: for every ccc par-
tial order (P,<,1p), FA.(P) holds.

b) MARTIN’s axiom MA postulates that MA,, holds for every r < 2%0.

MAy, holds by Theorem 4. Thus the continuum hypothesis 2% = R, trivially implies MA.
We shall later see by an iterated forcing construction that 2% = X, and MA are relatively
consistent with ZFC.



4 Consequences of MA+—-CH

4.1 Lebesgue measure

We shall not go into the details of LEBESGUE measure, since we shall only consider mea-
sure zero sets. We recall some notions and facts from before. For s € <¥2 = {t|t: dom(t) —
2 N dom(t) €w} define the real interval

I,={z€eR|sCz}CR

with length([s) — 2~dom(s)  Note that I, = [sU{ (dom(s),0)} ]sU{(dom(s ), 1)} length(IR) Iy =
270=1, and length(sy{(dom(s),0)}) = length(Isug(dom(s),1)}) = —length( <

Definition 9. Let ¢ > 0. Then a set X C R has measure <e if there exists a sequence
(In|n < w) of intervals in R such that X C Un<w I, and Zn<w length(1,) <e. A set X C
R has measure zero if it has measure <e for every € > 0.

The measure zero sets form a countably complete ideal on R . It is easy to see that a
countable union of measure zero sets is again measure zero. To strengthen this theorem in
the context of MA we need some more topological and measure theoretic notions. The
(standard) topology on R is generated by the basic open sets I for s € <“2. Hence every
union |J <o In of basic open intervals is itself open. The basic open intervals I; are also
compact in the sense of the HEINE-BOREL theorem: every cover of I; by open sets has a
finite subcover.

Theorem 10. Assume MA, and let (X;|i < k) be a family of measure zero sets. Then
X =J,.,. Xi has measure zero.

Proof. Fix ¢ >0. We show that X =J._,_ X, has measure <2¢. Let

={(a,b)la,beQ,a<b}

the countable set of rational intervals (a,b) ={c€R|a <c<b} in R. The length of (a,b) is

simply length((a, b)) =b—a. We shall apply MARTIN’s axiom to the following forcing P =
(P,2,0) where

P={pCI|) length(l)<e}.
Iep
(1) P is ccc.
Proof. Let {p;|i <wi} C P. For every i <w; there is n; <w such that p; has measure <e —

L By a pigeonhole principle we may assume that all n; are equal to a common value n <

i
w. For every p; we have

Z length(/) <e — l

Iep;



For every i <w; take a finite set p; C p; such that

> length(l) <—

Iepi\p;

There are only countably many such set p; , and again by a pigeonhole argument we may
assume that for all 7 <w;

bi=Dp

takes a fixed value. Now consider 7 < j <w;. Then

Z length(/) < Zlength([)+ Z length([/)

IepUp; Iep; Iep;\p
1 1
< e——+—
n n
= £

Hence p;Up; € P and p;Up; < p;,p;, and so {p;|i <w:} is not an antichain in P. ged(1)
For i < k define
Di={peP|X;c| ] p}.
(2) D; is dense in P.
Proof. Let g€ P. Take n <w such that

Z length(l) <e ——

Ieq

Since X; has measure zero, take r CZ such that X; C|J p and ZIETlength(I) < % Then

X,-QU(qu) and Z length(I)<Zlength +Zlength <5——+l:

n
Iequr Iegq Ier

Hence p=qUreP, p2Oq,and p€ D;. ged(2)
By MA, take a filter G on P which is {D;|i <k }-generic. Let U=JGCT.
3) X=U; e Xi € Uer -
Proof. Let i < k. By the generity of G take pe GND;. Then
X; C U pQU U

ged(3)



(4) > ey length(]) <e.
Proof. Assume for a contradiction that Y, _, length() >¢. Then take a finite set U C U

such that ), _-length(/) > e . Let B = {Iy, ..., I;_1}. For every I; € U take p; € G such

that I; € p; . Since all elements of GG are compatible within G there is a condition p € G
such that p D po, ..., pr_1. Hence U C p. But, since p € P, we get a contradiction:

£< Z length (/) < Z length(/) <e.

IeU Iep

Two easy consequences are:
Corollary 11. Assume MA, and let X CIR with card(X) < k. Then X has measure zero.
Theorem 12. Assume MA. Then 2% is reqular.

Proof. Assume instead that R=(J,_, X; for some x < 2%, where card(X;) < 2% for every
i < k. Every singleton {r} has measure zero. By Theorem 10, each X; has measure zero.
Again by Theorem, R = (J,_, X; has measure zero. But measure theory (and also intu-
ition) shows that R does not have measure zero. 0J

4.2 Almost disjoint forcing

We intend to code subsets of s by subsets of w. If such a coding is possible then we shall
have

Mo L 2 L Mo j o 2% —IMo,
We shall employ almost disjoint coding.
Definition 13. A sequence (x;|i € I) is almost disjoint if
a) x; is infinite

b) i j <k implies that x;Nx; is finite
Lemma 14. There is an almost disjoint sequence (x;]i <28) of subsets of w.

Proof. For ue€“2 let x,={u|m|m<w}. x, is infinite. Consider u# v from “2. Let n <
w be minimal such that u [n #v [n. Then

ryNzy={umm<w}n{vimm<w}={u[m|m<n}



is finite. Thus (z,|u € “2) is almost disjoint. Using bijections w <+ <*2 and 2% <+ “2 one
can turn this into an almost disjoint sequence (;]i < 2%) of subsets of w. O

Theorem 15. Assume MA,.. Then 2f=2%o,

Proof. By a previous example, k < 2%. By the lemma, fix an almost disjoint sequence
(x;|i < k) of subsets of w. Define a map ¢: P(w) — P (k) by

c(x) ={i <k|rNx; is infinite}.
We say that = codes c(x). We want to show that every subset of k¥ can be coded as some
¢(x). We show this by proving that ¢: P(w) — P(k) is surjective.
Let A Ck be given. We use the following forcing (P, <, 1) to code A:

P={(a,z)|a Cw,z Ck,card(a) < Vo, card(z) <o},
partially ordered by
(@', 2Y<(a,2)iff ' Da,2z’Dz;iczN(k\A)—=ad' Nz;=anz;.

The weakest element of P is 1=((),0).

The idea of the forcing is to keep the intersection of the first component with z; fixed,
provided ¢ ¢ A has entered the second component. This will allow the almost disjoint
coding of A by the finite/infinite method.

(1) (P,<,1) satisfies ccc.

Proof. Conditions (a, y) and (a, z) with equal first components are compatible, since (a,
yUz) < (a,y) and (a, y U 2) < (a, z). Incompatibel conditions have different first compo-
nents. Since there are only countably many first components, an antichain in P can be at
most countable. ged(1)

The outcome of a forcing construction results from an interplay between the partial order
and some dense set arguments. We now define dense sets for our requirements.

For i <k let D;={(a, z) € Pli € z}. D; is obviously dense in P. For i € A and n € w let
D;,={(a,z)e P|IIm>n:meanum;}.
(2) If i€ A and n €w then D; , is dense in P.
Proof. Consider (a, z) € P. For j €z, j#1i is the intersection z; Nz finite. Take some m €
x;, m>n such that mé¢ x;Nx; for j €z, j#i. Then
(aU{m},z)<(a,z) and (aU{m},z)eD,,.
ged(2)
By MA, take a filter G on P which is generic for the dense sets in

{D;li<k}U{D;nlic Ancw}.



Let
z:U {a|(a,y) G} Cw.

(3) Let i € A. Then x Nx; is infinite.

Proof. Let n <w. By genericity take (a,y) € GND,, . By the definition of D, , take m >
n such that m € aNx;. Then m € xNx;, and so x Nx; is cofinal in w. ged(3)

(4) Let i € k \ A. Then z Nx; is finite.

Proof. By genericity take (a,y) € GND;. Then i € y. We show that x Nx; CaNz;. Con-
sider n € x Nx;. Take (b, z) € G such that n € b. By the filter properties of G take (a’,y’) €
P such that (a’, y') < (a, y) and (a’, y") < (b, 2). Then n € a’, and by the definition of <,
aNz;=aNx;. Thusn€anNwx;. ged(4)

So

c(x)={i < k|zrNx;is infinite} = A € range(c).

5 Iterated forcing

MARTIN’s axiom postulates that for every ccc partial order (P, <, 1p) and D with
card(D) < 2% there is a D-generic filter G on P. Syntactically this axiom has a V3-form:
VPYDAG.... V3-properties are often realised through chain constructions: build a chain

M=MyCMC..CM,C...CMsC...

of models such that for any P, D € M, there is some [ > « such that Mg contains a
generic GG as required. Then the “union” or limit of the chain should contain appropriate
G’s for all P’s and D’s.

Such chain constructions are wellknown from algebra. To satisfy closure under square
roots (Vxdy: yy = x) one can e.g. start with a countable field M, and along a chain My C
M; C M, C ... adjoin square roots for all elements of M, . Then Un<w M,, satisfies the clo-
sure property.

In set theory there is a difficulty that unions of models of set theory usually do not satisfy
the theory ZF: assume that My C M; C M, C ... is an ascending chain of transitive models
of ZF such that (M1 \ M,) NP(w) # 0 for all n <w. Let M,=J,_ Mn. Then P(w)N
M, ¢ M, . Indeed, if one had P(w) N M, € M, then P(w) N M, € M, for some n < w and
P(w) N M, 11 € M, contradicts the initial assumption. So a “limit” model of models of ZF
has to be more complicated, and it will itself be constructed by some limit forcing which is
called iterated forcing.

Exercise 7. Check which axioms of set theory hold in M, = Un<w M,, where (M,)n<., is an
ascending sequence of transitive models of ZF(C).
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Since we want to obtain the limit by forcing over a ground model M the construction
must be visible in the ground model. This means that the sequence of forcings to be

employed to pass from M, to M, has to exist as a sequence (Qg\ﬁ < k) of names in the
ground model. The initial sequence (Q 5|8 < ) already determines a forcing P, and Q. is
intended to be a P,-name. If G, is M-generic over P, then furthermore @, = (QQ)GG is
intended to be a forcing in the model M, = M[G,], and M, is a generic extension of M,
by forcing with Q. The following iteration theorem says that any sequence (Q 5|8 < k)€
M gives rise to an iteration of forcing extensions. In applications the sequence has to be
chosen carefully to ensure that some V3-property holds in the final model M, . Without
loss of generality we only consider forcings ), whose maximal element is ().

Theorem 16. Let M be a ground model, and let ((QB, <p)|B < k) € M with the property
that VB < k: 0 € dom(Qg). Then there is a uniquely determined sequence ((Pa,<a, la)|a <
K) € M such that

a) (P, <a,la) is a partial order which consists of a-sequences;
b) Py= {@}, <0:{(@, Q))}; lo= (Z);'
c) If \<k is a limit ordinal then the forcing P is defined by:
Py = {p A= VIVy<XiplveP)ATFy<AVBE[Y,A) p(B)=0)}

p<ag iff Vy<Xiply<,qly
1)\ = (@‘”}/<)\)

d) If a<r and 1,Fp, “(Q., <a,0) is a forcing”, then the forcing Payy is defined by:

Poyi = {patl1=V|placP,Apla)€dom(Q,) Aplalkp,p(a)€ Qu}
P<a+1q iff pla<asqlanp|alkp, pla)<q.q(o)
1a+1 = (®|’}/<Oé+]_)

e) If a <k and not 1 lFp, “(Qu, <a, 0) is a forcing”, then the forcing Payy is defined
by:

Poi1 = {pa+1=V]plae P, Apla)=0}
pP<at1q ff pla<asqla
1a+1 = ((Z)"}/<Oé—|—1)

((Pa, <a, la)|a < k), and in particular P, are called the (finite support) iteration of the
sequence (O, £5)| < ).

Proof. To justify the above recursive definition of the sequence ((P,, <4, la)|a < k) it suf-
fices to show recursively that every P, is a forcing.

11



Obviously, Py is a trivial one-element forcing.

Consider a limit A < x and assume that P, is a forcing for v < o. We have to show that
the relation <, is transitive with maximal element 1, . Consider p <, ¢ <), 7. Then Vv <
Aply<yqlyand Vy<Aig[y<yr[~. Since all <, with v <A are transitive relations,
Vy<Aiplv<yr|vyandsop<yr. Now consider p € Py. Then Vy <A:p |~ € P,. By the
inductive assumption, Vy <A:p[vy<,1,=1\[v and so p<,1,.

For the successor step assume that o < x and that P, is a forcing.

Case 1. 1,Fp (Qn, <a,0) is a forcing.

For the transitivity of <,4; consider p <,41 ¢ <qz1 7. Then p | a <, ¢ | aAp |
alFp, p(a) <oq(a) and g [a<or [ang | alkFp, gla) <,r(a). By the transitivity of <,: p|
a<,7 [ a. Moreover p | alFp, pla) <. qla), pl alFp, gla) <o7(a) and p [ alFp, “<, is
transitive”. This implies p [ alFp, p(a) <,7(a) and together that p<aqq7.

For the maximality of 1., consider p € Pyi1. Then pla€ Py Ap|alkp p(a) € Q,. Then
p | a<sla=1las1 | @. Moreover p | a IFp, “) is maximal in <. implies that p |
albp pla) <o0=1,11(c). Hence p<aqi1lati-

Case 2. Tt is not the case that 1o lFp, (Qu, <a,®) is a forcing.

For the transitivity of <,.1 consider p <no41 ¢ <qt17- Then pla<sqlaand gla<,7 |
« . By the transitivity of <,: pla<,r[a and so p<4117.

For the maximality of 1,41 consider p € P,11. Then p | a € P,. By induction, p | a <, 1,
and so p<a41las1- O

The term “finite support iteration” is justified by the following

Lemma 17. In the above situation let p € P,. Then

supp(p) = {a < r[p(@) # 0}

s finite.

Proof. Prove by induction on «a < x that supp(p) is finite for every ¢ € P, . The crucial
property is the definition of Py at limit A in the above iteration theorem. O

Let us fix a ground model M and the iteration ((QB> <p)|B < k) € M and ((Py, <a,
lo)|a < k) € M as above. Let G, be M-generic for P, . We analyse the generic extension
M,,= M[G,] by an ascending chain

M:MongzM[Gl] :M()[Ho] QMQIM[GQ] :Ml[Hl] Q Q Ma:M[Ga] Q CMH

of generic extensions.

Let us first note some relations within the tower (P, )., of forcings.

12



Lemma 18.

a) Let o<k and p,q€P,. ‘
Then p <aq iff Vv €supp(p)Usupp(q):p[vIFe, p(v) <5 q(7).

b) Let a< <k andpe Ps. Thenpla€P,.
c) Let a<f<k and p<gq. Thenpla<,qla.

d) Let a <<k, qePs, p<aqla. Then pU (q(y)la<y<B) e Ps and pU (q(v)|a <
v<B)<sq.

Proof. a) By a straightforward induction on a < k. Now b) —d) follow immediately. O

For a <k define G,={pla|peG.}.

(1) G, is M-generic for P, .

Proof. By (a), G, C P, . Consider p [ a, q | « € G, with p, g € G,. Take r € G,; such that
r<.p,q. By (a), rfa<,pla,q|a. Thus all elements of G, are compatible in P, .

Consider p | a € G, with p€ G, and g € P, with p[a <,q. By (a),
¢g=qUDa<y<k)

is an element of P, and p <, ¢ . Since G, is a filter, ¢ € G, and so §=q [ a € G, . Thus
G, is upwards closed.

For the genericity consider a set D € M which is dense in P,. We claim that the set
D={deP.|dlacD}YcM
is dense in Ps: let p€ P.. Then pa € P,. Take d€ D such that d<,p [ a. By (c,d),

d=dU(p(y)la<y<r)€P,

and d<.p.
By the genericity of G, take p€ DNG,.. Then pla € DNGy#0. ged(1)

So M, = M]|G,] is a welldefined generic extension of M by G, .
(2) Let a < < k. Then G, € M[Gp| and M|[G,] C M[G4l.
Proof. Ga={pla|peG}={(p|B)lalpeG}={qlalqeGs} € M[Gp]. qed(2)
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For o < k define

_ Qo gy ) (Q5%,<52,0), if 1alFp,“(Qu, <o 0) is a forcing”
Qo= (Qu <0 {qummhmaw

Then Q, € M, = M]|G,] is a forcing. For o < k define

Hy={p(a)%|peGy}.

(3) H, is M,-generic for Q.

Proof. If it is not the case that 1, 1Fp, “(Qy, <a, ?) is a forcing”, then (Qq, <9, 0) = ({0},
{(0, )}, 0) and H, = {0} is trivially M,-generic. So assume that 1, IFp, “(Qq, <o, 0) is a
forcing”.

() H, € Q.

Proof. Let p€ G,.. Then pla+1€ Pyyqand so plalbp, pla)€ @, . Since p| o€ G, we
have that p(a)% e Q5" = Q.. qed(a)

(b) H, is a filter.

Proof . Straightforward.

(e) Let D € M, be dense in Q,. Then DN H,+ 0.

Proof. Take D € M such that D = D% Take p € G, such that

P [all—paD is dense in Qa.
Define

D={deP.|d]alrdla)eD}e M.

We show that D is dense in P, below p. Let ¢ <, p. Then ¢ | @« <, p | @ and ¢ |
alF gla) <qop(). Hence ¢ [ alFp, D is dense in @), and there is d <. ¢ | @ and some d(a) €
dom(Q,) such that

dlFp, (d(a) <agq(a) Ad(a) € D).
Define
d=dU{(a,d(a))}U(g(7)|a <y <r).

Then de P,,, d<,q,and d€ D.

By the genericity of G, take d € D N G, . Then d(a)% € H,, d | a € G, and d(a)% €
(D)¢=D. Thus HyND+0.

(4> Ma—l—l = Ma[Ha]"

Proof. O is straightforward. For the other direction, if suffices to show that G,., €
M,[H,], and indeed we show that

Gos1={q€P,i1]qlaeGoNng(a) € H,}.
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Let ¢ € Gqy1. Take p€ G, such that pJa+1=¢. Then qa=p|a € G, and g(a)% =
p(a)% € H, . For the converse consider q € P, such that ¢ | « € G, and ¢(a)% € H, .
Take p1, p» € G, such that ¢ | @ = p; | a and g(a)% = py(a)®. Take p € G, such that
p <. P1, p2 - We also may assume that p [ alF g(a) = ps(a). pla<spi[a=¢qlaand p|
alkp. pla) <qpo(a) = gla). Hence pla+1<q4r1¢q. Since p|a+1€ Gqqy and since Goqq
is upward closed, we get ¢ € Go11 .

5.1 Embeddings

In the above construction, M[G,] € M[Gps] canonically. This corresponds to canonical
transformations of names used in the construction of M[G,] into names used to construct
M[Gg]. Such transformation of names is important for the construction and analysis of
interations. We first reduce our “name spaces” from all of M to more specific P-names.

Definition 19. Let P be a forcing. Define recursively: & is a P-name if every element of
i is an ordered pair (1, p) where 3 is a P-name and p € P. Let V¥ be the class or name
space of all P-names.

The generic interpretation of an arbitrary name only depends on ordered pairs whose
second component is in P. This observation leads to

Lemma 20. Let P be a forcing. Define 7:V — V' recursively by

7(#) ={(r(9), p)| (§,p) €2}.
Then 7(z) is a P-name and

Le., i%=(7(2))¢ for every generic filter on P.

Let m: P — @ be an orderpreserving embedding of forcings. This induces an embedding of
name spaces 7*: V' — V@ which is defined recursively:

(@) = {(7*(9), 7(P))| (4, p) € £ }.

One can study such embeddings in general. They satisfy “universal properties”’, sometimes
relying on structural properties of the embedding 7.

Exercise 8. Examine, how generic filters are mapped by 7 and its inverse and how this induces
embeddings of generic extensions. Formulate sufficient properties for the original map 7.

We restrict our considerations to embeddings connected to iterated forcing. So let ((P,,
<a, la)|a < k) be a finite support iteration of the sequence ((Q,, <a)|a < &). In view of

the previous lemma we also require in the iteration that every Q, is a P,-name.
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There are canonical maps between the P,’s. For a < 8 <& define 7,3: P, — Ps by
Tap(p) =pU (@ a <y < B).
Also define mg,: P3— Py by mpa(q) =q [ . gy is a left inverse of map:
TBa O Tap=1dp, .

Let the previous constructions take place within a ground model M. Let G, be M-generic
for P, and let M, = M|G,] for a < k be the associated tower of extensions. Let a < < k.
The inclusion M|[G,] C M|[G ] corresponds to the following

Lemma 21. Let & € M"> be a Py-name and i = m}g(1) € M"? its “lift” to Ps. Then

1Go =795,

Proof. By induction on z:

i = {§°°|39€Gs(§,q) €}

= {9 3¢ (qeGsA(§,q) €i)}

= {9 13q(qe Gs A3y, p) €& ((wop(1), Tap(p)) €& A Gi=mas(9) Ag=Tap(p)))}
{ii° |3pe Ga3(y, p) €& i =7hp(9)}

{m25(5)“" | Ip € Ga (4, p) €3}

{y% |3peGal(y,p)€d}
= :L'GQ

O

In the intended applications of iterated forcing we shall usually be confronted at “time” «
with several tasks which have to be dealt with “one by one” along the ordinal axis & : there
will be, e.g., two distinct partial orders R, S € M[G,] for which we want to adjoin generic
filters. These have P,-names R, S € MP=. In the iteration we may set Q, = R, but then
we have to deal with S at some later “time” 3. This will be possible by lifting S to a Ps-
name: set Q5 = mhs(S). In the construction some “bookkeeping mechanism” will ensure
that eventually all tasks will be looked after.

5.2 Two-step iterations

Definition 22. Consider a forcing (P,<p,0) and names Q, < such that
1plF(Q, <,0) is a forcing.
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and 0 € dom(Q). Then the two-step iteration (P Q,<,1) is defined by:

PxQ = {(p.q)lpePAGedom(Q)Aplpie Q}
(P ¢") < (p.d) iff P'<ppADP'IFpd <’
1 = (0,0)

The two-step iteration can be construed as an iteration of a sequence ((Qs, <p)|8 < 2) of
length 2: Let QO = P, <0 <p where the canonical names P and <p are formed with
respect to the trivial forcing Py= {0}, <o={(0,0)}, 19=0. Then (P, <p, 0) is canonically
isomorphic to the induced forcing (P, <1, 11) by the map h: p— p. We may assume that
Q is a P-names in the restricted sense that for every ordered pair (a, p) € TC(Q) p € P.
Then define a corresponding Pi-name @, by replacing recursively each (a, p) € TC(Q) by
(...,h(p)). Similarly for <; .

One can check that the iterated forcing (P, <y, 1) defined from ((Qp,<p)|B<2) is canon-
ically isomorphic to (P* @, <,1).

Such identifications using subtle but canonical isomorphisms occur often in the theory of
iterated forcing.

Exercise 9. If G is M-generic for P+ Q € M where M is a ground model define

Go = {peP|3jedom(Q): (p,q) € G}
Gy = {¢%|3peP:(p,q) €G}
Show that G is M-generic for P and that G is M-generic for Q.

Conversely let G be M-generic for P and G; M-generic for Q“°. Show that

G={(p,q)|p€Go, % €G1}

is M-generic for Px Q.

5.3 Products of partial orders

A special case of a finite support iteration is a finite support product. So let M be a
ground model, and let ((Qgs, <3)|f < k) € M be a sequence of forcings such that () is a
maximal element of every (Qg. Define the finite support product || Ben Qs as the following
forcing:

H Qs = {pr—=V|VB<k:p(p)e€ Qp,supp(p) is finite}
B<k
p=q iff VB<r:p(B)<pq(B)
L, = (0|8 <k)
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We want to show that the product corresponds to a simple iteration. Define a sequence

(Qs:<p)lB<r)EM

where Q 5 is the canonical name for ()3 with respect to a forcing which has the 3-sequence
15=(0]y < B) as its maximal element. (Note that the definition of &= {(y,15)|y €z} only
depends on 15.) Let the sequence ((P,, <a, lo)|a < k) € M be defined from the sequence
((Qp,<p)|B < k) of names as in the iteration theorem.

Then there is a canonical isomorphism

T H Qs+ Py
B<K
defined by: pr+ p’ where
p'(B)=p(B)

with respect to a partial order with maximal element 15. It is tedious but straightforward
to check that this defines an isomorphism.

6 Iteration theorems

A main concern of forcing is the preservation of cardinals. There are several criteria for
ensuring cardinal preservation or at least the preservation of W; . Iteration theorems take
the form: if every Qﬁ in ((Qﬁ, <p)|B < k) is forced to satisfy the preservation criterion
then also P. satisfies the criterion.

Theorem 23. Let \ be a regular cardinal. Consider the two-step iteration (P*Q,<,1) of
(P,<p,0) and (Q,<,0). Assume that (P, <p,0) satisfies the A-c.c. and 0lFp“(Q, <, 0)
satisfies A-c.c”. Then (P* Q,<,1) satisfies the \-c.c.

Proof. We may assume that the assumptions of the theorem are satisfied in some ground
model M. It suffices to prove the theorem in M. Work inside M. Let ((pa, ¢a)| @ < A) be
a sequence in (P x Q. <, 1). It suffices to find two compatible conditions in this sequence.
(1) There is a condition p € P such that pl-sup {a | po € G} = A where G is the canonical
name for a generic filter on P.

Proof. If not, then there is a maximal antichain A in P of conditions ¢ for which there is
an ordinal v, < s such that ¢ l-sup {a | p, € G} =14, . By the k-c.c., card(4) < . By the
regularity of x there is 7 < x such that Vg€ Ay, <. Since A is a maximal antichain,

0=1plFsup {a|p, € G} <H.
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But pyy1l-p,4q € G and p,yilFsup{a|p, €G> 54 1. Contradiction. ged(1)

Take an M-generic filter G on P such that p € G and plFsup {a | p, € G} =X . In M[G]

form the sequence (¢§ | pa € G); by (1) this sequence has ordertype A . Q° satisfies the -
c.c. in M[G] and ) is still a regular cardinal in M[G]. So there are a < 3 < A such that ¢§

and qg are compatible in Q°. Take r € G and ¢ € dom(Q) such that r < p,, psg and rlF ¢ <
Gas qs- Then (r,q) € P+ Q and (r, q) X (Pa; 4a): (Ps: ¢5)- O

Theorem 24. Let ((Pu, <a, lo)|la < k) be the finite support iteration of the sequence
(Qp,<p)|B<K). Let X be a regular cardinal and suppose that

Psl+- “QB is A-cc”
for all B < k. Then every P,, a <k 1s \-cc.

Proof. Again it suffices to prove the theorem in some ground model M. Work inside M.
We prove the theorem by induction on o < k. The theorem is trivial for Po={0}.

Let a = 8 + 1. One can canonically prove that Pz = Py * QB . Then P, is A-cc by the
inductive assumption and the previous theorem.

Finally consider a limit ordinal a < k. Let A C P, have cardinality A. Every condition p €
A has a finite support supp(p). By the A-system lemma, we may suppose that
(supp(p) | p € A) is a A-system with some finite kernel d. Take 8 < « such that d C 8. By
the inductive assumption Pg is A-cc. Take distinct p, g € A such that p | 3, ¢ [ 8 are com-
patible in Pz . Take r € Ps such that » <gp [ 8, ¢ | 8. We then define a compatibility ele-
ment s <, p, q by

r(i), for i< g
s(i) =< p(i), for B<i<a,i€supp(p)
q(2), for B<i<a,i¢supp(p)

O

Although the final model M[G,] is not the union of the models M[G] it may behave like
a union with respect to “small” sets.

Lemma 25. In a ground model M let ((P,, <4, lo)|a < k) be the finite support iteration
of the sequence ((QB> <p)|B < k) of limit lenght x . Let G be M-generic over P, . Con-
sider a sets S € M, X € M|G,], X CS and assume that M |G| F card(S) < cof(k). Then
there is a < K such that X € M[G,] where Go,={p|a|peG,}.
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Proof. Take X € M and X = X% Without loss of generality we may assume that
1.IF X € S. Work in MIG,]. For all x € X choose a condition p, € G, such that p, Ik & €
X . For every z € X there is some a, < # such that supp(p,) C . Since card(S) < cof(r)
take an o < k such that o, <o for all x € X . We claim that

(1) X={zecS|IpeP,(placGyrsupp(p) CaAplFicX)}.

Proof. If x € X then p, satisfies the existential condition on the right. Conversely assume
that p | @ € G, A supp(p) CaApltieX. Take ¢ € G, such that p | @ = ¢ | a. Then
supp(p) C o implies that ¢ <, p. Hence p € G, and z € X. qed(1)

This proves X € M[G,]. O

Corollary 26. In the previous lemma let P, have the countable chain condition and let k
be an uncountable reqular cardinal. Then

P(O)NM[G]=P@)N | ] MG,

for all 6 < k.

7 Forcing Martin’s axiom

Martin’s axiom postulates the existence of partially generic sets for all ccc forcings.
Recalling that every Cohen forcing Fn(\, 2, Ng) is ccc i.e., this amounts to a proper class of
of forcings to consider. To reduce the class of requirements to a set that can be dealt with
in a set-sized iterated forcing, we show that MA, “reflects” down to cardinality « .

Lemma 27. For infinite cardinals k the following are equivalent:
a) MA,;

b) for every ccc forcing Q) whose underlying set is a subset of k and every D C P(k)
with card(D) < k there exists a D-generic filter on Q.

Proof. (a) — (b) is obvious. For the converse use a Lowenheim-Skolem downward argu-
ment. Let (P, <,1) be a ccc forcing and let the set D have cardinality <x. Without loss
of generality we may assume that D C P(P) and that every D € D is dense in P. Consider
the first-order structure

(P> <7 ]-7 (D)DGD)

with a language of cardinality <. By the Lowenheim-Skolem theorem there is an elemen-
tary substructure

(Qv ngzu 17 (D N Q)DED) = (P7 <7 17 (D)DGD)
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such that card(Q) < x . By elementarity (Q, <NQ? 1) is a forcing and every D N @ is
dense in ). If A C (@ is an antichain in ) then it is an antichain in P. So A is countable
and (@ is ccc.

We may assume that Q C . By (b) take a (D N Q)pep -generic filter F' on (). We show
that

G={peP|3qe Fq<p}

is a D-generic filter on P. The filter properties are easy. For the D-genericity consider
D eD. By the (DN Q)pep -genericity of F' there is g€ FN (DN Q). Then

qeFN(DNQ)CGND+0.

O

Theorem 28. Suppose that M is a ground model. Suppose that k> w is a reqular cardinal
and 2<% =k in M. Then there is a ccc forcing (P, <., 1,) in M such that for every M-
generic filter G, on P, MA and 2¥ =k hold in M|G,].

Proof. We shall define in M a finite support iteration ((FPa, <a, la)le < k) by some
sequence ((Qg, <p)|B < k) of names. Before choosing those names we have to make some
organisatorial preparations.

(1) card(H,) =k .

Proof. Every element of H, can be coded as a bounded subset of k. By 2<% =k there are
k bounded subsets of x and hence card(H,) < k. ged.

Fix an enumeration H, = {r;|i <k }.

The names < 3 for the partial orders of the iteration will basically be the r; in some order.
Choose a bijection h: k<> k X kK X Kk X k with components hy, hs, hs, hy: kK — Kk such that

h(B) = (h1(B), ha(B), hs(3), ha(3))
for all § <k and such that

(2) ha(B), ha(B), ha(B), ha(B) < B for all B < k.
Then
(3) for every i, 7,k <k {f<k|hi(B)=1,ha(8)=7,hs(8)=Fk} is cofinal in k.

Let ¢ < B < k. We extend the previous operation 73 mapping P-names to Pg-names.
Define m;g:'V =PV by

(ms(p))(€) :{ p(), if € <i

0, else
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Then define 7j5: V —V by

mis(x) = {(mis(y), mig(p)| (y, p) € ¥ and p:i—V}.
Obviously 73 extends the previously defined embedding from Pi-names to Pg-names so
that we may use the same denotations.

The sequence ((Qﬁ, <p)|B < k) is defined recursively. Suppose that ((Q'w <)y < B) s
already defined. This determines the finite support iteration ((P,, <5, 1,)|v < ). To
define <g we try to obtain a fitting next partial order from the indices i = hy() and j =
ho(3) and distinguish two cases:

Case 1. Assume that
lgkp, (k, mi5(r;), 0) is a forcing satisfying the countable chain condition.

Then set
Qs=k and <z=ml5(r;).
Case 2. Otherwise set

Qp=1{0}" and <z={(0,0)}".

This defines the iteration ((P,, <a, la)|a < k).

By the iteration theorem for ccc partial orders we get that
(3) Py is a ccc partial order.

(4) card(P,) =k .

Proof. Conditions in P, have finite supports. At the elements of the support, the values of
conditions are canonical names for ordinals <k . The number of conditions is thus
bounded by k<“=k. qed.

Now suppose that G, is M-generic for P,. Let G, and H, be the derived generic filters as
before. Since P, is ccc, cardinals are preserved between M and M[G,].

(4) M[GJE2“ < k.

Proof. Counting the number of canonical names for reals we get:

(2199 ((card (PY)) = () = .

qed.
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Finally we show that M|[G,|FMA, for all A\< k. Let A<k. Let (P,<p,1p) € M[G] be a
ccc partial order and let D € M[G,] be a set of dense subsets of P with |D| < A. By pre-
vious lemmas we may assume that the domain £ of P is an ordinal <x. So <pCk X k and
the elements of D are subsets of k. By a previous lemma, take some ¢ < x such that

<peMIG;] and D C MG .
Since cardinals are preserved between M[G;] and M[Gy] we have that (P, <p, 1p) is a ccc

partial order in M[G;]. Take a P-name <peM for <p: <§§i:<p. We may choose <peHM
so that

liFp (l%, <p,0) is a forcing satisfying the countable chain condition.
Take j <k such that r; = <p. Then

1iFp, (l%, rj,0) is a forcing satisfying the countable chain condition.
Take 5 <k such that ¢ < 8 and h(8) = (i, j, k,*). Then

1sbp, (k,7i5(r;),0) is a forcing satisfying the countable chain condition.
By the setup of the iteration, we have
Qs="k and <z=mls(r;).
Then
(Qs <2,0) = (QF 5%, 0) = (k. mip(ry) 52, 0) = (k. 57, 0) = (k, <p, 0) = P.

We know that Hg € M|[G,| is M[Ggs|-generic for P. Since D C M[G;] C M|Gp] we obtain
Hge M[G,] which is D-generic for P. O

8 Ideals and cardinal coefficients

Ideals capture (some aspects of) the notion of small sets.

Definition 29. A set Z CP(R) is an ideal on R if
a) if A,BeTI then AUB€T
b) if AcZ and BC A then BeT

c) ifreR then {r}eZ
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d) R¢T

An ideal is k-complete if for any family A CZ, card(A) <k holds | JA€Z. An ideal is o-
complete if it is Ni-complete.

8.1 Category

Lebesgue measure defines an ideal of “small” sets, namely the ideal of measure zero sets:
arbitrary subsets of measure zero sets are measure zero, and, under MA, every union of
less than 2% measure zero sets is again measure zero.

We now look at another ideal of small sets, namely the ideal of subsets X of R which are
nowhere dense in R: every nonempty open interval in R has a nonempty open subinterval
which is disjoint from X. The union of all such subintervals is open, dense in R, and dis-
joint from X.

The BAIRE category theorem says that the intersection of countably many dense open sets
of reals in dense in R. We can strengthen this to:

Theorem 30. Assume MA, . Then the intersection of Kk many dense open sets of reals is
dense in R.

Proof. Consider a sequence (O;|i < k) of dense open subsets of R. We use standard
COHEN forcing P = Fn(w, 2, Ny) for the density argument. Since P is countable it trivially
has the ccc. For i < k define D; ={p € P|Vz € R (z 2 p—z € O;)}. This means that the
interval determined by p lies within A;. The density of D; follows readily since O; is open
dense. For n <w let D,,={p € P|n € dom(p)}. Obviously, D, is also dense in P. By MA,
let G C P be {D;|i < k}-{D,|n < k}generic. Let z =JG. p € GN D, implies that n €
dom(p) Cdom(x). So z:w— 2 is a real number. O

Since MAy, is always true in ZFC, we get the BAIRE category theorem:
Theorem 31. The intersection of countably many dense open sets of reals is dense in R.

This says that dense open sets (of reals) have a largeness property, and correspondingly
complements of dense open sets are small.

Definition 32. A set A C R is nowhere dense if there is a dense open set O C R such
that ANO =10. A set A C R is meager or of 1st category if it is a union of countably
many nowhere dense sets.

Proposition 33.

a) A singleton set {x} CR is nowhere dense since R\ {x} is dense open in R.

24



b) A countable set C' is meager.

c) A set A C R is meager iff there are open dense sets (O,|n < w) such that A N
r]n<w()"::®'

d) R is not meager. Sets which are not meager are said to be of 2nd category.

Proof. ¢) Let A = J,_ A. be meager where each A, is nowhere dense. For each n
choose O,, dense open in R such that A, NO,,=0. Then

(L A0 () 0 =An([) 0n)=0.

n<w n<w n<w

Conversely assume that AN (), _,On) =0 where each O, is dense open. (A \ O,) N O, =
(), and so by definition, every A,= A\ O, is nowhere dense. Obviously

U A, C A.

n<w

For the converse consider # € A. The property A N ((,_,On) = 0 implies that we may
take n <w such that x ¢ O,,. Hence rt€ A\ O,=A4,,. So A= Un<wAn is meager.

d) If R were meager then there would be open dense sets (O,|n < w) such that R N
ﬂn<w0n:®. But by Theorem 31,

RN () Ou=[) On#9,

n<w n<w

contradiction. O

We would now like to show as in the case of measure that a union of <2% small sets in
the sense of category is again small if MARTIN’s axiom holds.

Theorem 34. Assume MA, . Let (A;li < k) be a family of meager sets. Then A =
U, Ai is meager.

Proof. Obviously it suffices to consider the case where each A; is nowhere dense. We
shall use MA,, to find dense open sets (O,|n <w) such that

(L 4)n () 0 =An([) 0.)=0.

1<K n<w n<w

The forcing will consist of approximations to a family (O, |n <w) of open dense sets which
makes this equality true.
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The forcing conditions will consist of finitely many finite approximations to the O,,. More-
over there will be for every n a finite collection of i < x such that an approximation to the
equation holds for those i. We shall see that by appropriate density considerations the full
equality may be satisfied.

For ccc-reasons, much like in the argument of measure-zero sets, we only consider approxi-
mations to the O, by finitely many rational intervals. Let
I={(a,b)|a,beQ,a<b}

the countable set of rational open intervals (a,b) ={c€R|la<c<b} in R. Now let

P=A(r, 8)|r: w— [Z]7¥, s: w = [£]<¥, {n < w|r(n) # 0} is finite, {n < w|s(n) # 0} is
finite, Vn <wVi € s(n) A;N U r(n)=0}.

Define
(r', s <(r,s) iff Vn<w (r'(n) 2r(n)As'(n)2s(n)).

(1) (P, <) satisfies the countable chain condition.

Proof. Consider (r, s) and (r, s’) in P having the same first component. Then define s":
w— [k]<¥ by s”(n)=s(n)Us'(n). It is easy to check that (r,s”) € P, and also (r,s") < (r,
s) and (r,s”) < (r,s’). So (r,s) and (r, s’) are compatible in P.

An antichain in P must consist of conditions whose first components are pairwise distinct.
Since there are only countably many first components, an antichain in P is at most count-

able. ged(1)

For each n <w the following dense sets ensures the density of the O, in R: for I €7 let

Dy, 1={(r",s")|3J€r'(n) JCI}.

(2) Dy, s is dense in P.

Proof. Let (r,s) € P. Let s(n) = {io, ..., ix—1}. Since A, ..., A;,_, are nowhere dense one
can go find intervals I D I;, O ... D I;_y = J in Z such that 4;, N I;,;=0. Define r":w — [Z]<¥
by [ (w\{n})=r[(w\{n}) and r'(n) =r(n)U{J}. Then (r',s) € P, (r',s) <(r,s), and
(r',s) €Dy 1. qed(2)

We also need that every i < k is considered by some O,,. Define
D;,={(r",s")|In<wies’(n)}.

(3) D; is dense in P.

Proof. Let (r, s) € P. Take n < w such that r(n) = 0. Define s": w — [Z]<¥ by s’ | (w \
{n})=sl(w\{n}) and s'(n)=s(n)U{i}. Then (r,s") e P, (r,s")<(r,s), and (r,s’) € D;.
ged(3)
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By MA, we can take a filter G on P which is generic for

{Dniin<w,l €T}U{D;li<k}.

For n <w define

O, UU{T’ |(r,s) e G'}.

(4) O,, is open, since it is a union of open intervals.

(5) O, is dense in R.

Proof. Let I € Z. By genericity take (', s’) € GN D, ;. Take J € r'(n) such that J C I.
Then

@#JQU CUU{T |(r,s)eG}=0,.

ged(5)

(6) Let i <. Then A;,N (), _ On=0.

Proof. By genericity take (', s') € G N D;. Take n < w such that ¢ € s'(n). We show that
A;NO,=0. Assume not, and let z € A;NO,,. Take (r s)€G and I €r(n) such that z € I.
Since G is a filter, take (r”, s") € P such that (r”, s”) < (r, s) and (r”, s”) < (r/, s’). Then
I'er’(n),ie€s"(n), and

e NI C AN r"(n)+0.

The last inequality contradicts the definition of P. ged(6)
y (6), U;-, 4iNN,,.,O0n=0, and so | J,_, Ai is meager. O

8.2 Cardinal Characteristics

We have already considered the following ideal on R :

Definition 35. N ={X CR|X has measure zero} is the ideal of nullsets, the null ideal,
and M ={X CR|X is meager} is the meager ideal.

Both these ideals are o-complete, see Theorem 10 and Theorem 34. They may have
“more” completeness in certain models of set theory. We saw in the mentioned Theorem
10 that under M Ay, the ideals are No-complete. On the other hand the continuum hypoth-
esis CH implies that M is not Ng-complete. So the value of the completeness of M is
independent of the axioms of ZFC. To study such phenomena one introduces cardinal
characteristics that capture properties of ideal and that may vary between different
models of set theory. Sometimes these coefficients are misleadingsly called cardinal invari-
ants.
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Definition 36. Let Z be an ideal on R. Define the following cardinal characteristics:
—  add(Z) =min {card(A)|ACZ,|JAETL} is the additivity (number) of Z;
—  cov(Z) =min {card(A)|ACZ,|JA=R} is the covering (number) of Z;
— non(Z)=min{card(X)|X CR, X ¢7};

cof(Z) = min {card(A)|ACZ,VBe€I3Ac A: BC A} is the cofinality of Z, a family
A CZ such that VBeI3dA e A: B C A s called cofinal in Z.

Proposition 37. Let 7 be a o-complete ideal on R. Then
N; <add(Z) < cov(Z) < cof(Z)

and

add(Z) <non(Z) < cof(Z)

This can be pictured by the following diagram:

cov(Z)

cof(Z)

i > add(Z

non(Z)

Proof. The inequalities

N; <add(Z) < cov(Z) and add(Z) <non(Z)
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are trivial. To show that cov(Z) < cof(Z) consider a cofinal family A C Z with card(A) =
cof(A). Then | J A= R and so cov(Z) < card(A) = cof(Z).

To show non(Z) < cof(Z) consider again a cofinal family A CZ with card(.A) = cof(.A). For
each B € A choose g € R\ B # (. Then X = {zp|B € A} has cardinality <card(A) =
cof(Z). Assume for a contradiction that X € Z. By cofinality take B € A such that X C B.
Then x5 € X C B, contradiction. So X ¢ Z and

non(Z) < card(X) < cof(Z).

O
If the continuum hypothesis holds, then all these characteristics for the ideals M and N
are equal to N; = 2%, So it is interesting to study such characteristics in models of ZFC in

which N; # 2%, The obvious examples to study are models of MA + R; # 2% and the
COHEN model for R; # 2%,

Theorem 38. Assume MA. Then
add(N) = cov(N) = non(N') = cof(N') = 2%
and

add(M) = cov(M) =non(M) = cof(M) = 2%

Proof. Because MA implies add(N) = 2% (Theorem 10) and add(N) = 2% (Theorem
34). O

Theorem 39. Let M be a ground model of ZFC + CH, and let M F K is a regular car-
dinal>Yy . In M, let (P,<,1p)=Fn(w X k,2,Rg) be the forcing for adding x COHEN reals
and let M[G] be a generic extension of M by P. Then in M|G]

N; = add(N) = cov(N) < non(N) = cof(N) = 2%,

Proof. In M|G], cov(N) = ¥y since by Problem Sheet 1, 3(a) there is an Nj-sequence of
measure zero sets whose union is R . non(N’) = 2% since by the argument of Theorem 2
every set of reals of cardinality <2 is a measure zero set.

O

Before proving an analogous result for the meager ideal M we make some preparations
concerning “codes” of open sets in R . In a transitive ZFC-model N consider an open set
ACIR. A can be represented as

A= U c
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where ¢ € N is a set of rational open intervals. To make being a code a definite notion,
only the rational endpoints of a rational interval are recorded in a code.

Definition 40. An open code or a G-code is a set ¢ C [Q)>={{r,s}|r,s€Q,r<q}. If
M is a transitive model of set theory and c € M then

{r,s}ec

is the interpretation of the code c in M, where (r,s)M ={te RNM |r <t<s} is the open
interval between r and s as defined in M.

If N D M is another transitive model of set theory then ¢ C ¢V. Indeed if RN M +#RnN
N and ¢ # () then ¢ # ¢V. Nevertheless one may view ¢ and ¢ as the “same” open set

interpreted in different models. Accordingly, many properties of ¢ in M transfer to ¢V in
N. E.g.,

Lemma 41. Let c€ M C N be a G-code. Then cM is dense open in M if ¢ is dense open
m N.

Proof. Let ¢™ be dense open in M. Consider 7, s € Q, r < s. By density take z € M N (r,
s)M. Then z € NN (r,s)".

Conversely let ¢V be dense open in N. Consider 7, s € Q, r < s. By density, ¢V N (r, s)V #
(). Take a rational pair {rg, so} € c such that (1o, s0)¥ N (r, s) #£ 0. Take q € (ro, s0) N (7,
s)¥N@Q. Then g€ cMn(r,s)™. O

Note that a set X C R is nowhere dense iff the complement of X contains a dense open
set. A set A C R is meager iff the complement of A contains a countable intersection of
dense open sets. Let us “code” countable intersections of open sets as follows.

Definition 42. A Ggs-code is a countable set d of G-codes. The interpretation of d is the
set in a model M is

dM:ﬂ M.

ced

To explain the notations G and G note that in HAUSDORFF’s times, open sets were called
“Gebiet” with a “G” and countable intersections (“Durchschnitt”) were denoted by sub-
scripts 0 . We show that COHEN reals “avoid” meager sets from the ground model.
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Lemma 43. Let M be a ground model and let M[z] = M[H] be a generic extension of M
by the standard COHEN forcing P = Fn(w, 2, Xy): let H be M-generic for P and let z =
H € “2 be the associated COHEN real. Consider a set X € M which is meager in the
ground model and let d € M be a Gs-code for a countable intersection of dense open sets
such that X NdM™ =0. Then z € dM?.

Proof. Let us identify R with “2, linearly ordered lexicographically, and let us identify @Q
with the elements of R which are eventually 0. Consider ¢ € d. Define, in M,

D={peP|3(r,s)ecVyeR(y2p—yec(r,s)}.

(1) D is dense in P.

Proof. Let q € P. Since c™ is dense, there exists a real yy 2 ¢ such that yo € ¢M. Take (r,
s) € ¢ such that yo € (r, s). Take p € P, p D ¢ such that Yy € R (y 2 p—y € (r,s)). Then
p€ D and D is dense. ged(1)

By genericity take p € DN H. Then z O p and by the definition of D there is (r, s) € ¢ so
that

z€(r,s) CcME,

Since this holds for every ced:

ce () M=V,
ced

O

We can now continue to prove N; = add(M) = non(M) < cov(M) = cof(M) = 2% in the
Cohen extension M[G].

Lemma 44. M[G]EFnon(M)=2Y;.
Proof. In M[G] define the sequence (z;|i < k) of COHEN reals z;: w— 2 by
zi(n)=(J G)(n, ).

We claim that A = {z]i <w;} ¢ MM Assume not and let d € M[G] be a Gs-code for a
countable intersection of dense open sets so that

ANdMlEl =g,

By previous lemmas take a countable X C x, X € M such that d € M[G | X]|. Take i € w; \
X . Then de M[G [ (k\ {i})]. We have

M[G]=M[G [ (s \ {2 D][G [{i}] = MG T (s \{i})][z]
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where z; is a COHEN real with respect to the model M[G | (k \ {i}]. By the previous
Lemma

. € qMIGTG\ DI — gM(6]
contradicting that ANdM“1 =0 . O
Lemma 45. M[G]F cov(M)=2%.

Proof. Assume for a contradiction that (A¢|¢ < A), A < K is a sequence of meager sets
such that R = U§</\A5 . For each £ < A choose a G5-code d¢ such that A;N dé\/[[G] =(. By
Lemma XXX take X C &, card(X)=card(\) + Ny such that

VE<Aidee MG | X].
Take i € k \ X. Then
VE<Xidee MG [ (k\{i})].

As above

2 € aMIEI\ NIz _ gt
for all £ <. Hence
z¢ | Ae=R,

contradiction. O

9 The CICHON diagram

We want to relate cardinal characteristics of the ideals N' and M in a joint diagram called
the CICHON diagram. We first have to define two more characteristics.

Definition 46.
a) Define the partial ordering <* of eventual domination on w* by
f<rgiff Im<wVne|m,w): f(n) < g(n).
b) The bounding number is

b=min {card(F)|F C*w,Vge“w3f € F: f £* g},
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i.e., the smallest cardinality of an unbounded family in <*.
¢) The dominating number s
0 =min {card(F)|F C*w,Vge“w3afeF: f<*g},
i.e., the smallest cardinality of a cofinal (or dominating) family in <*.
Lemma 47. b <0.

Proof. Every cofinal family is unbounded. U

The following diagram records provable relations between the cardinal characteristics
introduced so far. An arrow —— stands for the <-relation between cardinals. Some
inequalities have already been proved:

Th. 49 L. 37
cov(N) — = non(M) — = cof(M) —————> cof(N)

L. 37 L. 47 L 37

add(N) ———= add(M) —1 37~ cov(M) non(N)

—
Th. 49

It is remarkable that there are inequalities connecting the ideals ANV and M.

Lemma 48. There are sets A € N and B € M such that AUB =R, i.e., R is the (dis-

joint) union of two sets which are both “small”.

Proof. We work with the standard reals R . Let (¢,|n < w) enumerate the rational num-
bers. For m <w let

1 1
Un= U (Qn_%a Qn‘l'%)'
n>m

U,, is dense open in R and

1 1 2 2
Z 1€Hgth((Qn—%,qn+§)): Z o T gm

n>m n>m
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Let A= ﬂmew U,.. By the calculation of the sum of interval lengths, A is a measure zero
set, i.e., A€ N.

R\ Uy, is nowhere dense. Then B={]J  _ (R\U,) is meager, i.e., B € M. Moreover

¢ AeIm<wiz¢UpoIm<w:ze (R\U,) <z €B.

Theorem 49. (ROTHBERGER, 1938) cov(M) <non(N) and cov(N) <non(M).

Proof. Let Ae N and B € M such that AUB =T as in the preceding Lemma.

(1) Let X ¢ M. Then X+ A={z+alreX,ac A}=R.

Proof. Let z€ R. Then z — X ¢ B. Take z € X such that z —2 € A. Then z€x+ A€
X+A. ged(1)

Now take X ¢ M with card(X)=non(M). Then

R=X+A=[] (z+A4).

zeX

The right hand side is a covering of R by <card(X) many sets in N. So cov(N) <
card(X) =non(M).

The proof of the other inequality proceeds in the same way, with M and A inter-
changed. 0

Before we prove further inequalities in the CICHON diagram let us check the values in the
diagram in the models of set theory considered so far.

If we assume MA or CH then we know already that all entries except possible b or ? are
equal to 2%,

Lemma 50. Assume MA . Then b=2% (and so 0=2%).

Proof. Let F' C“w and card(F) < 2%. Tt suffices to show that F' is bounded in the struc-
ture (“w, <*). Define HECHLER forcing by

P={(a,A)|a € ~“w,AC“w,card(A) <Ny}
with
(a’,A") < (a,A)iff a’Da, A’ DA, and ¥n edom(a’)\ dom(a)Vf € A:a'(n) > f(n)
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and 1p=(0,0).
(1) HECHLER forcing has the ccc.
Proof. If (a, A), (a, B) € P with the same “stem” a, then they are compatible:

(a,AUB)<(a, A), (a,B).

So if C is an antichain in P, then the map (a, A) — a is injective on C. Since there are
only countably many possible stems a, card(C) < Ny. ged(1)

For every f €“w set
Dy={(a,A)eP|feA}.

(2) Dy is dense in P.
Proof. Since (a, AU{f})<(a,A) and (a, AU{f})€Dy. ged(2)

For every n <w set
D,,={(a,A) € Pne€dom(a)}.

(3) Dy, is dense in P.
Proof. Let (b, B) € P. Define a:n+1—w by

[ b(), if i € dom(b)
“(”—{ max { f(i)| f € B} +1

Then (a, B) < (b, B) and (a, A) € D,,. qed(3)
By MA take a {D|f € F'} U{D,,}-generic filter G on P. Let

h:U {a|(a,A) e G}.
Then h: w— w, since G meets every D,,.
(4)VfeF: f<*h,ie., F is bounded.
Proof. Let f € F. Take (a, A) € GN Dy. Let m =dom(a). Consider n € [m,w). Let (d,
A’) € G such that n € dom(a’). Since all elements of G are compatible we may assume
that (a’, A’) < (a, A). Then

h(n)=a'(n)> f(n).

Hence h >* f. O

So under MA or CH all entries in the CICHON diagram are equal to 2%,

In the COHEN model for 2% =k > ®; we have from our previous analysis:
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cov(N) =Rt non(M) =Ry cof(M) =2%—> cof(N) = 2%

P

add(N) =R add(M) =Ry cov(M) =2%—"> non(N) =2%

We now determine that the values of b and 0 are consistent with the diagram:

Theorem 51. Let M be a ground model of ZFC + CH, and let M F k is a regular car-
dinal>Yy . Let M[G] be a generic extension of M by the partial order for adjoining k

COHEN reals using finite conditions. Then, in M[G], b=, and d=2%0.

Proof. We show that the first X; COHEN reals are unbounded. On the other hand no
family <2 can be cofinal in “w since there will always be a COHEN real which is not
dominated. ]

10 cov(M) <0

To give an impression of non-trivial proofs of inequalities in Cichon’s diagram we show
that cov(M) <0. Recall that

0 =min {card(F)|F C*w,Vge“wafeF: f<*g},

is the smallest cardinality of a cofinal (or dominating) family in <*.

It is convenient to introduce the following quantifiers:
I*np(n) for Vmewdnew(n>mA p(n)) “there are infinitely many”
V®np(n) for ImewVnew(n>m— ¢(n)) “for all but finitely many”.
The following theorem links the meager ideal to a combinatorial property in “w:

Theorem 52. cov(M)=min {card(F)| F C“wand Vg €“w3lf € FV®n f(n)#g(n)}.
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The family F' on the RHS can be considered to be “cofinal” for the relation V*°n f(n) #
g(n) of being eventually different. Since f <* g implies V>°n f(n) # g(n) the Theorem
implies the desired inequality.

cov(M) = min{card(F)| F C“wand Vg €“w3f € FV*n f(n)+ g(n)}
< min {card(F)|F C“w,Vge“w3dfeF: f<" g}
=0

Theorem 65 will follow from the following

Lemma 53. For every infinite cardinal k the following are equivalent:
1. R is not the union of less than k-many meager sets;
2. VF € [*w]~" g e“wV f € F3*n f(n)=g(n);
3. VF € [w]<"VG € [[w]“]*"Jg e“wV f e FYX e GI*ne X f(n)=g(n).

Note that a) expresses that x < cov(M); b) expresses that x < the RHS in Theorem 52.
This implies the equality in Theorem 52.

Proof. (1) — (2): Assume F C “w and |F| < k. For f € F let Gy ={g € “w| 3®n f(n) =
g(n)}. Every Gp=, . 19 €“w|In>m f(n)=g(n)} is a Gs-set because every {g € “w|

dn >m f(n) = g(n)} is open. Moreover, every G is dense in R. Hence R — G is meager
for all feF. So

U ®-Gp+#R.

fer
Take

geR\J R-Gy)=({G/ feF}.

fer

Then V f € F3%°n f(n) = g(n), as required.

(2) = (3): Let F={f.]a <A}, A<k, be a family of functions f,:w—w and G={X,|a <
A} be a family of infinite subsets of w. Let (z3| n € w) be the monotone enumeration of
Xo. Let @Q = {s: dom(s) — w| dom(s) C w is finite} the set of all finite partial functions
from w to w; this is a version of Cohen forcing for a single Cohen real. For «, § < A define
a function h, g:w— @Q by

ha,s(n) = fa [ {25, za, ... 26}
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for all n €w. Since @ is countable, we have by (2)
VF € [*Q]~"3h €“QV f € F3*n f(n) =h(n).
In particular, there exists a function h € “(Q), such that
Va, f < A3*®nh, g(n) =h(n).
Recursively choose a sequence (x,|n € w), such that
x, €dom(h(n)) —{xo, z1, ..., Tn_1}

for all n € w. Let g:w— w be a function, such that for all n <w

9(xn) = h(n) ().

To check (3) for g consider o, § < A. There are infinitely many n with h, g(n) = h(n). For
such n the corresponding x,, satisfies

z, € dom(h(n)) =dom(hy s(n)) = {22, z&, ..., 28} C X,
and
Fo(n) = ha,p(n)(wn) = h(n)(zn) = g(2n)-

Thus 3°n € X, fs(n) = g(n)

(3)—(1): UJ

Proof:

(1) = (2): Assume F C w® and |F| < k. For f € F let Gy ={g € w*| 3%n f(n) = g(n)}.
Every Gy =),,c, 19 €w*[In>m f(n) = g(n)} is a Gs-set because every {g € w*| In >
m f(n)=g(n)} is open. Moreover, every G is dense in (R). Hence (R)—G/ is for all fe F
meager. So (({Gy| fe F}#0. Butif g€\ {Gy| f € F}, then Vf € F3>°n f(n) = g(n).
(2) = (3): Let F'={f.]a<A}, A<k, be a family of functions f,:w—w and G={X,|a <
A} be a family of infinite subsets of w. Let (zf| n € w) be the monotone enumeration of
Xq. For a, 8 <\ define a function h,_ g by

ha,s= f5 [ {z0, .., 70}

for all n € w. Let & ={s:dom(s) = w|dom(s) Cw finite}. Since ® is countable, we have
by (2)

VE € [®¥]<"Th € OV f € F3°n f(n)=h(n).
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In particular, there exists a function h € ®“, such that
Va, B <A3*®n hy p(n) =h(n).
Pick inductively a sequence (z,|n €w), such that
T €dom(h(n)) —{xo, x1,...;THn_1}

for all n € w. Let g:w—w be a function, such that

g(wn) = h(n) (@)

holds for all n with h,, g(n)=~h(n). Then g is a witness for (3) because

fo(xn) = ha,p(n)(xn) = h(n)(2n) = g(xn)

for all n with hq, g(n)=h(n).

(3) = (1): Let (F,|a <) with A <k be a family of meager sets. We want to show that J
{F,| « < A} # (R). Since every F, is meager, F, = |J {F¥| n € w} where every I} is
nowhere dense. By definition also the topological closure ¢ [(FY) is nowhere dense. So we
can assume w.l.o.g. that (F,|a <) is a family of closed nowhere dense sets.

For o <\ let

sp=min{s€2<¥|Vte2<"t"s|NF,=0}
where the minimum is taken with respect to a fixed enumeration of 2<“ and [s] = { f € 2
s C f}. Why does this minimum exist? Consider first an arbitrary ¢ € 2<¢“. Then there
exists t C s € 2<%, such that

[s]N Fa=0. (%)

Because: [f] is open. Since F, is nowhere dense, [t] £ F,. Pick f €[]\ F,. But 2* — F, is
open. So there exists a neighbourhood [s] of f such that [s] C2% — F,.
Now we can construct recursively an s € 2<% such that

Wt € 2<n[t™s] N Fl=10.

To do so, let 2<" = {t,| k < m}. For ¢y pick an sy as in (x). If s, is already defined, con-
sider 5315 and pick for it an s;11 as in (x). Then s, is as wanted.
Back to the s from above. By (3) there exists a sequence (s,|n € w) such that

Va < A3d*°n s = s,.
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For a <\let X,={necw|s;=s,}.

Lemma

There exists an increasing sequence (k,|n € w) such that
(1) 32 <k, [8i] <hnir for all n €w

(2) Va < Ad*nz,N [k’gn, k2n+1[ 7& 0.

Proof: For every finite A C A define fs:w— w by

fa(n)=min{mew|Vae Aln,m[NX,#0}
and for every k € w let

far0)=Fk and fip(n+1)= fa(far(n))

for all n € w.

By (3) A< 0. So there exists a strictly increasing function f:w— w such that

1. VA e [NVk3®n fi x(n) < f(n)

2. ngf(n) ls;j| < f(n+1).

We can find such an f because |{ f4 x| A € [A]<“, k € w}|=|A|. So there is by definition of
0 an f which is not dominated by any f4 . That is f £* fi, for all A€ [N\<“, kew, ie.

3%n fi x(n) < f(n). Once we have found such an f we can recursively ensure 2.
We have

VAe[AN<“T*°nIk f(n) <k < falk) < f(n+1) (%).
Otherwise there were A and m such that

vnzm f(n+1) < fa(f(n)).

So for k= f(m) and all m € w

fn) < fln+m) < fa(f(m)) < fa(fa(f(m))) <... < far(n)

would hold. But this contradicts the choice of f.

Define X ={n €w| 3k f(n) <k < fa(k) < f(n+1)}. Then by (x) X is infinite for all A €
[A]<. Consider X"={2n|n €w} and X'={2n+ 1|n € w}. Then (X N X° is infinite for
all A € [\]<%) or (X4 N X! is infinite for all A € [\]<*). [If otherwise | X’ N X°| < w and
X0 X1 <, then | X4 X5| = | X4 = | Xaum N X+ [ Xaop N X1| < [X41 X0) + X5
X! <w which contradicts (x).|

If | XN X% =w, then set k,= f(n). Otherwise set k,= f(n+1).

O (Lemma)

Lemma

There exists X C w such that | X N [kgy, koni1[| <1 for all n € w and X N X, is infinite for
every a < \.

Proof: For a < X and n € w define
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fa(n) = min(Xa N [k2n> k2n+1[) if Xam [k2na k2n+1[7é®

fa(n) =0 otherwise
and Y,={n €wl fo(n)#0}. By (3) there exists a g € w* such that

Va<AI*®neY,g(n)= fa(n).
Hence the claim holds for X ={g(n)|necw}. O
Now we can prove “(3) — (1)”. Let (z,,| n € w) be the monotone enumeration of X from

the previous lemma. Set

~ L~

T = SpySmySaye- -
We show that = ¢ |J {F.| @ < A}. Let a < A. It follows from the above construction that

there exists x, € X N [kap, kons1[ such that s, =s$ . But Zj<n |52, < kon <z, and (by the

definition of (si| n € w)) [Spy--- " Sz _1Swn] = [Szo--- Sz_15%,] is disjoint from F,,. Hence x ¢
J

11 Proper Forcing

Definition 54. H), = {z | card(TC(z)) < A\}. We assume that every Hy has a chosen
wellorder <.

Definition 55. (M, €,<) < (H), €, <) iff for every p € Fml(€, <) and every d € Asn(M)
(M> <, <) F 90[6] Zﬁ (H)\a S <) F ¢[a]
We simply write M < Hy, instead of (M,€,<)<(Hy,€,<).

Definition 56. Let M < H)y and let (P, <) € M be a forcing. Let G be V-generic on P.
Then define

M[G]={z% |z e M}.
This definition will relate to the notions of a generic condition and properness.

Lemma 57. Let M < Hy and let (P,<) € M be a forcing. Let G be V-generic on P. Then
_ gVIGl
H,\|G]=H,"" and

MI[G) < Hy[G).
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Proof. Let x € H)\[G]. Let # € H, and 2% = z. By the definition of the interpretation
function

TC(z) €{y“ [y eTC(2)}
Hence
VI[G]E card(TC(z)) < card(TC(z)) < A

and x € H)‘\/[G].
Conversely, let z € H}\/[G].

O

Definition 58. Let M < H) and let (P, <) € M be a forcing. q € P is (M, P)-generic iff
for every D € M which is dense in P, DN M is predense below q, i.e.,

Vi <q3@p<qg3de DN Mg <d.

Lemma 59. g€ P is (M, P)-generic iff for every D € M which is dense in P there is a P-
name p such that

glFpeDNMNG.

Proof. Let g€ P be (M, P)-generic and let D € M be dense in P. Let G be V-generic on
P with ¢ € G. By the definition of being (M, P)-generic the set

{g2|3d e DN Mg < d}

is dense below ¢ . By the genericity of G take ¢ € G such that 3d € D N Mg, < d . Take
pe DN M such that go<p. Then pe DN M NG. Thus

qlFdppe DN MNG.
By the maximality principle there is a P-name p such that
glFpeDNMNG.

For the converse, assume the RHS of the equivalence. To show that ¢ is (M, P)-generic
consider D € M which is dense in P. Let p be a P-name such that

gl-peDNMNG.
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To show that DN M is predense below ¢ let 1 <¢. ¢l pe DN M NG. Take a condition
< q1 and a d € DN M such that

@plFp=drndeq.

Then ¢» and d must be compatible in P. Take g3 < q2,d . g3 and d witness the predensity
of DN M. OJ

Lemma 60. A condition q € P is (M, P)-generic iff

¢ M[G]NOrd=MNOrd.

Proof. Let ¢ € P be (M, P)-generic. Let G be V-generic on P with ¢ € G. Let a €
M[G]NOrd. Take a P-name & € M such that o =a“. We may assume that 1plFd € Ord.
The set

D={deP|3BcOrddl-Fa=3}eM

is dense in P. By assumption, D N M is predense below ¢ € G . So thereisde DNMNG.

H\E3dpeOrddFa=p.
Since M < H)

ME3BeOrddiFa=4.

Take 8 € M NOrd such that dIFé@= 5. Then a=a%= e M.

Conversely let g € P not be (M, P)-generic. Take a dense set D € M such that D N M is
not predense below ¢ . Let A C D be a maximal antichain with A € M. Define a P-name
for an ordinal by

a={(B,a)|a€ Ais the B-th element of H) in the chosen wellorder of Hy} € M.

Since D N M is not predence below ¢ take ¢; < g which is incompatible with every element
of DN M. Let G be V-generic with ¢; < ¢. Let o =a%. This is due to the fact that there
is a € AN G such that a is the a-th element of Hy . Assume for a contradiction that a €
MNOrd. Thenae ANMNG C DN MNG. But then ¢; is compatible with a € D N M,

contradiction. Thus

MI[G]NOrd# M N Ord.
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Definition 61. A forcing (P, <) is proper iff for every X > 2*4) and every countable
M < Hy with P € M and every p € PN M there is ¢ < p which is (M, P)-generic.

Lemma 62. (P, <) is proper iff for every A > 2°44P) and every countable M < Hy with
Pe M and every pe PN M there is ¢ < p such that for every V-generic G with ¢ € G

M[G]NOrd=MNOrd.

Theorem 63. Let V[G] be a generic extension by a proper forcing (P, <). Then
a) for every a € ([Ord]*)V (€ there is b€ ([Ord]*)Y such that a Cb;

b) RVIFT=RY.

Proof. (a) Let a € ([Ord]*)VI¢ and take feVv, f w—a. Take p € G such that pl- f:
w— Ord. Take A € Card sufficiently high with p, P, f € H,. Since (P, <) is proper the set

D ={qe P|there is a countable M < H, with p, P, f € M and ¢q<p is (M, P)-generic}

is dense in P below p. By the genericity of G take ¢ € D N G and a countable M < H)
such that p, P, f € M and ¢< pis (M, P)-generic. By Lemma 98

M|G)NOrd= M NOrd.

Set b= M NOrd € ([Ord]*)".

(1) aCb. '
Proof. Let x € a. Let x = f%(n). By the maximality principle there is a canonical name
& € Hy such that plk 2= f(n). Since M < Hy we may assume & € M. Then

r=3%€ M[G]NOrd=M NOrd=>b
(b) follows immediately from (a). O

Many important forcings are proper:

Lemma 64. If (P,<) is ccc then it is proper.

Proof. Let A > 2°d(") Af < H, countable with P € M, and p € PN M. We show that p
itself is an (M, P)-generic condition. Let G be V-generic for P with p € G. It suffices to
show that M[G] N Ord =M NOrd. Let a € M[G] N Ord . Take & € M such that a = a%
and IFa € Ord. Let

A={BeOrd|Ir<p.rikda=p}
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be a set of possible interpretations of & . We can define a function A — P, 5 — rz such
that rglk &= 3. {rg | B € A} is an antichain in P. By the ccc, {rs | 8 € A} is at most
countable and so A is at most countable. A€ M and M E A is countable. So A C M. Thus

acACM.

Lemma 65. If (P,<) is countably complete then it is proper.

Proof. Let \ >24(") V[ < H, countable with P € M, and p € PN M. Let (z, | n < w)
be an enumeration of M. Define sequences (p, |n <w) C PN M and (o, |n <w) C Ord
such that

PZPo=pP1=...

Choose a condition pg < p, po € M and ag € Ord such that pglF zg = dy if that is possible;
otherwise let po = p and ap=0. If p, € PN M is defined, choose a condition p,+1 < pp,
Pni1 € M and a1 € Ord such that p,.q1 IF 2,01 = &, if that is possible; otherwise let
Pn+1 = pn and a,41 = 0. Note that (ay, | n <w) C M since every «,, is definable from p,,
T, €M .

By the countable completeness of P take g € P such that Vn <wq < p,. We show that ¢ is
an (M, P)-generic condition. Let G be V-generic for P with g € G. It suffices to show that
M[G]NOrd=MnNOrd. Let « € M[G]NOrd. Take x,, € M such that o =25 and some r €
G such that r IF z,, = &. By the definition of (p, | n < w) this means that p, IF x, = &, .
Since r, p, € G are compatible

a=oa, M.

12 2-step iterations of proper forcing

Lemma 66. Let P be a forcing and FpQ is a forcing. Let M < Hy and Px Q € M. Then
(qo, ¢1) is (M, PxQ)-generic iff qo is (M, P)-generic and

qQolF ¢y is (M[G], Q)-generic.

Proof. Let (qo, ¢;) be (M, P * Q)-generic. We first show that g is (M, P)-generic. Let G
be V-generic on P such that gy € G. It suffices to show that M[G] N Ord=M NOrd. Let
H be V[G]-generic on Q° such that ¢¢ € H. One can check that

G*H:{(po,pl)eP*Q|p0€G and pfe H}
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is V-generic on P * Q with (qo, ¢1) € Gx H. Since (qo, ¢;) is (M, P Q)-generic
MNOrdC M[G]NOrd C M |G x H|NOrd= M N Ord.

To show that

qolF ¢y is (M[G], Q)-generic
it suffices to see that

V[G]F ¢f is (M[G], QF)-generic.
Again take any H being V[G]-generic on Q“ such that ¢¢ € H. One has to check that
M|G|[H]NOrd = M|[G] N Ord.
M[G]NOrd C M[G|[H]NOrd=M|G* H/NOrd= M NnOrd C M[G] N Ord.

For the converse assume that ¢qq is (M, P)-generic and

qolF ¢y is (M[G], Q)—generic.

Let G * H be V-generic on P % Q such that (qo, ¢1) € G x H. Then G is V-generic on P
such that go € G and H is V[G]-generic on QY such that ¢ € H. By the assumptions,

M[G]NOrd= M NOrd and M[G][H|]NOrd= M[G] N Ord.
Together

M|GxH|NOrd=M[G][H]NOrd=M|[G]NOrd=M NOrd,
i.e., (qo, 41) is (M, P % Q)-generic. O
Lemma 67. If P is proper and “_PQ 18 proper then P x Q 1S proper.

Proof. Let A >24(") and let M < H, be countable with P x Q € M. Let (po, p1) € P *
QN M. By the properness of P take p < pg which is (M, P)-generic.

plFdg<piqis (M[Gp}, Q)—generic.

Take ¢o < p and ¢; € dom(Q)) such that

qlF ¢ <p; amd ¢ is (M[Gp}, Q)—generic.
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By the previous Lemma, (qo, ¢;) < (po, p1) is (M, P * QQ)-generic. O

13 Countable support iterations
— Problems with finite support iterations: adding Cohen reals through finite supports
— finite supports so far only played a role in chain-condition arguments

We now define countable support iterations:

Theorem 68. Let M be a ground model, and let ((Qﬁ, <p)|B < K) € M with the property
that VB <k:0 e dom(QB). Then there is a uniquely determined sequence ((Pa,<a,la)|a <
k) € M such that

a) (P, <a,la) is a partial order which consists of a-sequences;
b) PO: {@}, <0:{(®7 (D)}f Io= ®}.
c) If A<k is a limit ordinal then the forcing Py is defined by:

Py, = {p A=V |Vy<A:iplyeP,)Acardsupp(p) <¥p)}
p<ag off Vy<Aiply<,yqly
1)\ = (@|’Y<>\)

d) If o<k and 14Fp, “(Qu, <a, 0) is a forcing”, then the forcing Payy is defined by:

P, = {p:a+1—>V|p[aEPa/\p(a)Edom(Qa)/\p[all—pap(a)eQa}
P<at1q iff pla<aqlaAplaltp,pla)<aq(a)
lav1 = (®|7<O‘+1)

e) If a <k and not 1o lFp, “(Qu, <a, 0) is a forcing”, then the forcing Payy is defined
by:

Poy1 = {pra+1=V|plaeP,Ap(a)=0}
P<at+1q ff pla<iqla
1a+1 = (®|’Y<a+1)

(P, <a, lo)|a < k), and in particular P, are called the countable support iteration or CS-
iteration of the sequence ((Qz,<p)|B < k).

Proof. Exactly as in the finite support case. 0]
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Let us fix a ground model M and the countable support iteration ((Qg, <p)|8 < ) € M
and ((P,, <a, la)|a < k) € M as above. Let G, be M-generic for P, . We analyse the
generic extension M, = M |G| by an ascending chain

M:MongzM[Gl] :M()[H(]] QMQIM[GQ] :Ml[Hl] - Q Ma:M[Ga] Q QMH

of generic extensions just like before.

Lemma 69.

a) Let o<k andp,q€P,. ‘
Then p <aq iff Vv €supp(p) Usupp(q):p [ vIFp, p(7) <y q(7).

b) Let a< <k andpe Ps. Thenpla€P,.
c) Let a<fB<k and p<pq. Thenpla<,qla.

d) Let a<B<K, q€Ps, p<aqla. Then pU(q(y)la<y<B)€ Psand pU (q(7)]a <
v<B)<pq-

For a < k define Go={pla|peG.}.
(1) G, is M-generic for P,.

So M, = M]|G,] is a welldefined generic extension of M by G, .
(2) Let a< B < k. Then G, € M[Gp| and M|[G,] C M[G4l.

For a < k define

— Qo () — (QS™, <5, 0), if 1,1Fp, “(Qas <a, 0) is a forcing”
Qo= (Qu <0 {({@},{@,@)},w),else

Then Q. € M,=M]|G,] is a forcing. For o < k define

Ha - {p(a)Ga |p S Gn}
(3) Hy is M,-generic for @, .
(4) Myiq= M,[H,].
As in the finite support case there are canonical maps between the P,’s. For a < f < &

define m,3: P, — Ps by

Tap(p) =pU (0] a <y < f).
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Also define mgo: Pg— Py by ma(q) = q [ . Ta, is a left inverse of m,ps:
TBa O Tap=1dp, .

Let the previous constructions take place within a ground model M. Let G, be M-generic
for P, and let M, = M|G,] for a < k be the associated tower of extensions. Let a < < k.
The inclusion M|[G,] C M|G ] corresponds to the following

Lemma 70. Let & € M"> be a Py-name and i = m}g(3) € M"? its “lift” to Ps. Then

iGo =39,

14 CS iterations preserve properness

Theorem 71. Let (P,|a <) be a countable support iteration of proper forcings (Qa| a<
7), 1.€.,

1.1k Q,, is proper.

Let X be a sufficiently large cardinal, let M < Hy be a countable elementary substructure
with (Qa| a< 7) eM.

Assume that o€ yN M, qo is (M, P,,)-generic, py€ Vo s a P, -name such that
(1) Qolbp,, Do € MNPy APy | 5o € Gy -
Then there is a q is (M, P,)-generic, such that ¢ 2 qo and
(2) qlkp, 750 (Bo) € M N Py ATE (Do) € Gy .

Moreover, P, is proper.

Notational conventions: this theorem involves canonical shiftings of names between name
spaces by maps like 7% ., . Also canonical names & for ground model elements are used fre-
quently. To simplify notation, we usually leave out the 7*’s and “’s. So the main implica-
tion of the theorem becomes:

Assume that o€ yN M, qo is (M, P,,)-generic, py€ V0 such that
(1) Golbp,, o€ MNPy Py | Y€ Gy
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Then there is a q is (M, P,)-generic, such that ¢ O qo and

(2) ql-p,po€ MNPy APyEG,.

Proof. By induction on the length ~ of the iteration.
For v=0 the theorem is trivial.

Let v= v+ 1 be a successor ordinal and A, M as above. Let 7y, qo, pg be as above so that
(1) holds.

First consider the case vy < 7. Restricting (1) to = yields
(1) QolFp,, po €M NPy A(po ] 71) Y0 € Gy -

Applying the Theorem inductively at 1 < v yields ¢; (M, P,,)-generic, such that ¢; O qo
and

(2) @ilFp,po T EMNOP, APy [ 11 EG, .

This is property (1) in the special case 9= .

So it suffices to obtain (2) from (1) in the special case that v =+ 1. By the setup of the
iteration

QlFp,, QWO is proper and py(7o) € M[G"yo] N Q«,O-

Then go forces the existence of an (M [G%}, Q%)—generic condition <.,po(70) . By the
maximality principle there is a P,-name ¢ such that

QO“‘qu is (M[GVO}, Q%)-generic and q'<y0 Po(70)-

Set ¢=qo" ¢ € Py4+1=P,. By a previous lemma, ¢ is (M, P,)-generic. Since ¢ <,y 0 we
have

glFp,po€ MNP, .

It remains to show that ql-p po € GV. Let ¢’ <, ¢ such that ¢'IF- py = p for some p € M N
P, . Since py is (originally) a P, -name already ¢’ [ ol py=p and, by (1),

q' Tl T Y0=po 70 € Gry-
Since P, is a separative forcing this implies
4 T%<p -
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Also
q' 10l p,, 4'(70) <50 2(70) = 4 <no Po(70) = P(70)-
Thus ¢’ <,p and ¢'IFpe Gv- Hence
¢'IFpyeG,.
Since there are densely many such ¢’ <., q we get

qFp, o € G-,

and (2) is satisfied.

Now let v be a limit ordinal. Assume that o€ yNM , g is (M, P, )-generic, p, € Vo ig
a P,-name such that

(1) Golbp,, o€ MNPyA Py [ %€ Gy

Let (vn| n € w) be a strictly increasing sequence of ordinals v, € v N M, starting with the
given 7 , which is cofinal in the countable set v N M . To obtain genericity in the con-
struction, let (D,|n € w) be an enumeration of the D € M which are dense in P, . Starting
with the given go and py construct sequences (g,|n € w) and (p,| n €w) such that for n>1

(1) gy is an (M, P, )-generic condition and ¢, [ Vn—1=¢yn_1

(2) p, is a P, -name such that for n>1
dn “_Pn,npn € MnN P’y /\pn T% € Gvn A pn g'ypn—l A pn € Dn—l .

Suppose that ¢,, p,, with these properties are defined. To proceed to gy+1, P41 With these
properties, consider a V-generic filter G, C P, with ¢, €G,, . Let

‘Gn
p=p,"€EMNP,.

Note that p, [ v, € G, since ¢, lkp, P, [ 7 € G%.
The set

D={d|vy,|d< poNdeD,}U{de P, |dLp,[v,}

is defined from parameters in M, hence D € M .

Claim. D is dense in P, .

51



Proof. Let r € P, . We may assume that 7 is compatible with p, [ v,. Let s <, 7, pn [ V-
Then s™(pn(i)| 7 <@ < y) <4pn. By the density of D, take d € D,, such that

d<y, 8" (pn()| T <i<y).

Then d [y, €D and d |7, <5, 5 <4, 7. ged(Claim)

Since ¢,, is (M, P,,)-generic, M N D is predense below ¢, and the generic filter G, meets
M N D: take

reMnDNG,,.

Then r, p,, [ v, € G, are compatible and so r =d | 7, for some d <,p, with d € D,,. Since
7, Pn, Dy € M one can find such d in M:

V[G.,]E3d(de MAPA] 4o € Gy ANd<yppAdE Dy).

By the maximality principle there is a P, -name p,,,; such that

an_pn-l-l eMmP'y/\pn—i-l T%GG%/\Pnﬂ <“{pn/\pn+1€Dn'

Now we apply the inductive hypothesis at 7,1 < to the property

Gn I+ pn+1 [ Yn+1 eMn P’yn+1 A (pn+1 f 7n+1) f Tn € G'yn-

We find an (M, P.

mi1)-generic condition ¢,41 2 ¢, such that

An+1 Il_P%+1 Pt | Tnt1 € G%LH :

Together we have
1 F D1 EM N PyA D1 I Yns1 € Gy A Dt SyPr APpy1 €Dy

This completes the recursive construction of the sequences (¢,|n €w) and (p,|n € w).

Define the desired ¢ € P, as

qz(U qn)U(Q)\Sup(vﬂM)éKv)-

n<w

Obviously, qlFp, po€ M N P, . For the proof of (M, P,)-genericity we first show

Claim. Let n € w. Then ql-p p, € G'YV.
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Proof. Let ¢’ <,q such that ¢'IF p,=p for some pe M NP, . For m >n we have

¢ T YmF D1 ym € Gy,

since
Qm>'qu/ [ Y F D ereGWmApm f7m<wmpn [ Ym = Pn | Ym -

Since P, is a separative partial order, ¢’ [ v <4, 2 [ Vm -

Since p € M, supp(p) € U,,_,, ¥m- Therefore ¢’ <, p which trivially implies
q¢'lFp,p€ G, and ¢'lFp,p, € G, .
Since the set of ¢’ which decide the value of p, is dense below ¢ the Claim holds.
qed(Claim)
Claim. q is (M, P,)-generic.

Proof. Let n <w. It suffices to show that ¢ is compatible with some element of D, N M .

Let G be V-generic for P, with ¢ € G, . Let p = pfll . By the recursive construction,
Gn+1!F Ppy1 € DN M, and thus p € D,, N M . By the previous Claim, p € G, . Thus ¢ is
compatible with pe D, N M . ged(Claim)

So we can move from (1) to (2) at length 7. We conclude the induction by
Clavm. P, is proper.

Proof. Let M < H) as above. Let py€ M N P,. Property (1) is satisfied with 7o =0. Triv-
ially

(1) LolFp, Po € MNPy AP [0€Gy.
The above implication yields an (M, P,)-generic g D 1y such that
(2") qlbp,Po€ MNPy APyEG,,.

Since P, is a separative forcing, the generic condition g < py, as required. U

15 Supercompact cardinals

In analogy with MA we define

Definition 72. The Proper Forcing Axiom (PFA) postulates FAy,(P) for every proper
forcing P.
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Obviously PFA implies MAy, and hence 2% > X, . A difficult theorem actually shows that
PFA implies 2% =R, . In this lecture we shall prove Con(PFA + 2% = X,) from large car-
dinal hypotheses. It can also be shown that (some) large cardinals are necessary.

The large cardinals will be used for a strong reflection argument which in the forcing for
Con(MA + 2% = k) only required that x was regular and >, . For MA we had a Lemma
stating: for infinite cardinals ¢ the following are equivalent:

a) MAg ]

b) for every ccc forcing @ whose underlying set is a subset of & and every D C P(§)
with card(D) < & there exists a D-generic filter on Q.

So it suffices to deal with all ccc forcings ) below £T. £+ and & reflect the needed require-

ments below x . The situation for PFA is more difficult and requires large cardinal type
reflections obtained via elementary embeddings.

15.1 P.(N)

We shall use elementary embeddings m between inner models of set theory, where 7 [ Kk =
id and 7(k) > A . To capture such embeddings combinatorially, i.e., by sets, we work on
the following kind of domains:

Definition 73. P.(\) =[\<~"={x C\|card(z) <k}.

Definition 74. U is an ultrafilter on P (\) if
a) UCSP(Pa(N))
b) PN eU, 0¢U
c) USACBCP,(\N)—=BeU

d) A, BeU—-ANBeU

Definition 75. An ultrafilter U on P.(\) is
a) k-complete if {A;[i<d} CU with <k imply (,_sA€U;

b) fine if for every x € P.(\) the upper cone & = {y € P.(\)| z C y} is an element of
U;

¢) normal if for h: P.(\) — X\ which is almost everywhere regressive, i.e., {x € Py(N)]
h(x) € x} €U, there is some § <\ such that

(zeP.(\)|h(z)=6eU.
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Definition 76. Let k be an uncountable cardinal and X > k. Then k is A-supercompact if
there is a k-complete, fine, normal ultrafilter on Py(N). Call such an ultrafilter a \-super-
compact ultrafilter on k. k is supercompact if k is supercompact for every A >k .

One can show straightforwardly that a measurable cardinal  is k-supercompact.

15.2 Ultrapowers

Fix a A-supercompact ultrafilter U on x. We shall define the ultrapower of the universe V'
by U in the following construction.

Let *V =PsMV ={f| f: P.(\) =V}
Define an equivalence relation =y on *V by

f=vg it {z] f(z)=g(z)} €U.

We represent equivalence classes by sets of elements of lowest von Neumann-degree:

for fe*V set
[f1={g9€Val f=vg}

where o € Ord is minimal such that V, N {g| f =y g} # 0. This technique is called Scott’s
trick.

The ultrapower of V by U is

UV, 0) = {[f]| f € V.
Define an ,€-structure on Ult(V,U) by
[f1evlg] it {z| f(z) € g(x)} €U.
The ,structure (Ult(V,U), €y) satisfies Los’s Theorem

Theorem 77. For any formula ¢(vy, ..., v,—1) of set theory and all [ fo], ..., [fn-1] € Ult(V,
U)

(Ul(V, U), ev) E(Lfol, -, [fnal) iff {zl@(fo(2), .., fa(z))} €U
Proof. By induction on the complexity of ¢. U
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Lemma 78. Ult(V,U), €y is set-like, i.e., for every f€*V, {[g]|[9] €v[f]} €V.
Proof. Let f€V,. Let [g] €y[f]. Then
A={a] g(x) € flx)} €U

Define ¢’ €*V by

oo ={ g
Then [g] =[¢'] and ¢": Px(A) = V,. Then {[g]| [g] €v[f]} is a set since

gl gl €v [f1} S{l91l 9" Pu(N) = Va} V. O

Lemma 79. Ult(V,U), €y is wellfounded.

Proof. Assume not. Then there are fy, fi,... €*V such that for n <w
[fasi] €vfal -
Let A, ={z| fu11(z) € fu(z)} €U . By the k-completeness of U take zo€ (1, _ An. Then
Jnt1(20) € fnl2o)
for n <w which contradicts foundation. O

Theorem 80. Ult(V,U), €y is a model of the ZFC axioms.

Proof. Let ¢ be an axiom of ZFC. Hence ¢ holds (in V') and

{zeP(N]}=Pu(N) el.
By Los’ Theorem,

Ult(V,U), €vFep. 0

In particular, Ult(V, U), €y satisfies the axiom of extensionality and there is a uniquely
defined isomorphism

o (Ut(V,U),ep) = (M, €)

where M is transitive.
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(M, €) is a class-sized transitive model of ZFC, hence it is an inner model. Many notions
are absolute between M and V.

Every element of M is of the form o([f]) for some function f:P.(\) = V; f is a represen-
tative of o([f]) in the ultrapower. We also write o[f] instead of o([f]). We consider
specific representative functions.

For v € Ord define the function k.: P.(A) — Ord by

ky(x)=otp(yNx).
Lemma 81. Let y< \. Then olk,|=".

Proof. By induction on 7.

(1) o[k,] is an ordinal, since {x € P(\)|k,(z) € Ord} =P,(\) €U .
(2) olky]Z .

Proof. Let § <~. By Los’ theorem [ks] € [k,] since

{x|k5€k«,}:{x|0tp(5ﬂx)<0tp(vﬂx)}2{x|5€z}:{/x\}€U.

By induction hypothesis, § = o[ks|] € o[k,] .

ged(1)

(3) alk) = 7.

Proof. Assume instead o[k, >~ . Take f €*V such that o[f]=~. Then [f] €y [k,] and

A={z| f(z)€otp(yNzx)}eU.

Define h: A— X\ by h(x) =the f(x)™ element of z. h is regressive. By the normality of U
there is some 0 < A such that

B={zxe€Alh(z)=06}€U.
For x € B observe that § =the f(z)™ element of z, i.e.,

f(z)=otp(dNx)=ks(x).
Hence, by induction,
olf]=olks =4,

contradicting o[ f] =" . O
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There are other canonical functions in *V' . For a € V' define the function const,: P.(\) —
V by

Lemma 82.
a) Let y<k. Then o[const,]=y.

b) olconst,] > \.

Proof. a) If v C 2z € P,(A) then k,(x) = otp(y N ) = v = const,(x). Since U is fine,
o[const,| =0olk,|=".

b) For any x € P, (), const,(z) =k > otp(z) =otp(ANx) =ky(z). Hence o[const,| > olk)] =
A. O

The model M is closed w.r.t A-sequences:
Lemma 83. "M C M.

Proof. Consider (o[g,]| ¥ < A), where g, €* V. To represent this sequence in the ultra-
power, define G: P.(\) =V by

G(2) = (gz(2)] i € otp())

where z(i) denotes the i-th element of x in its canonical enumeration. For every = € P,(\)
we have

G(z) is a sequence of length otp(z) = ky(x).

By the theorem of Los, o[G] € M is a sequence of length o[k,] = A. To show that o[G] is
the given A-sequence, consider v < A. For x € P,(\) with v € 2 we have

v = the k,(z)-th element of x =xz(k,(x))

and

By Los’ theorem,



Definition 84. The ultrapower embedding m:V — M is defined by
7(a) = olconst,] .
Theorem 85.

a) m: (V,€) = (M, €) is an elementary embedding, i.e., for every €-formula ¢(vy, ...,
Un—1) and every ag, ..., a1 €V

o(ag, ...,an—1) iff (M,€)E p(n(ag),...,m(an-1)).
b) m has critical point  , i.e., 7 [k =1d | k and w(k) >k . Indeed m(K) > \.
Proof. a)

o(ag, ..., an—1) > {x€Pu(N)] p(constyy(x),...,consty, ,(z))} =Ps(N)
— {zeP.(N)| p(constyy(x),..., const,, ()} €U
— (M, €)E ¢(o[constyy), ..., o[const,, ,])
— (M, e)Eo(r(ag),....,m(an—-1)).

b) Let v <. Then

7() =o|const,| =o[k,] = and 7(k) = o[const,] > . O

The elementary embedding was defined from the ultrafilter. Conversely, the ultrafilter is
definable from the embedding:

Lemma 86.
a) Define d: Po(N\) = Pu(N) by d(x)=xz. Then
old]|=n"\
b) For ACP.()N)
AeUiff t"xen(A).
Proof. a) (C) Let o[f] € o[d]. Then {z| f(x) € d(x) =x} € U, ie., f is regressive on an

ultrafilter set. By the normality of U there is some v < A such that {z| f(z) =~} € U.
Then {z| f(x) =const,(z)} € U and by the theorem of Los,

ol f]=olconst,] =m(y)en"\.
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(2) Let vy < A. Then
{z|const,(z) ed(x)} ={z|yez}eU,
and so

m(7) = olconst,] € o[d] .

A={z|lz €A} eU « {z|d(z)€consta(x)} €U
< o[d] € o[const 4]
— n' en(A)
U

Lemma 87. Let U be a r-complete, fine, normal ultrafilter on P.(\) and let K <A< ).
For x € Py(\) define T=xN\. For ACP,(\) define A={z|x€ A}, and finally

Ul =U={A|AcU}.
Then U is a k-complete, fine, normal ultrafilter on Pe(\).

Proof. (1) Let AcU and AC BCP,()\). Then AUB €U and
B=AUB={z|rec Alu{z|reB}={z|zr€ AUB}€eU.
(2) Let A,B€U. Then AN B €U since

AnNB={z|lzec Ayn{z|z€eB} D {z|r€ AnB}eU.

(3) Pu(X) =Ps(N) €U.
(4) D¢ U: indeed, if AU then A#() and A={z|xc A}+0.

r-complete. Proof. Let {A;| i < d} C U where 6 < k. Then [,_;A; € U, and
;€ U since

N A=) {z|x€Ai}Q{x|x€ﬂ AZ}GU.

i<s i<o i<é
(6) U is fine. Proof. Let z € P.()\). Then
t={reP.N|r2D2}={ZlzeP.ANAxDz}cU
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since U 1is fine.

(7) U is normal. Proof. Let A € U and let h: A — X be regressive. We may assume that
§ ¢ A. Define a regressive h: A— X by h(z) = h(z). By the normality of U there is § < \
such that B={x € A|h(x)=0} €U. Then

{ycAlh(y)=6}={x|z € ANh(T)=h(x)=0}=BeU. O
For a A-supercompact ultrafilter U on « let 7y be the ultrapower embedding defined from
U. Also denote the transitivisation of Ult(V,U) by My : op: (Ult(V,U), €y) = (My, €).
Lemma 88. In the situation of the previous Lemma define a map p: Mz — My by

ploglfl) =oulf]
where f': Po(N) = Vis defined from f:Pe(N) =V by
f'@)=f(@)=flznA).
Then p: (Mg, €) — (My, €) is elementary with
Ty = pomg.

Moreover p| (A+1)=id. p| Hy+=1id.
Proof. Let ¢(vo,...,v,-1) be an €-formula and og[fol, ... € M. Then

(Mg, ) F ploglfil..) i
{r €PN (folz),...) €U iff
{zePu(N|e(fo(z),..)} €U iff
(My, €)F p(oul fd. )
Let a€ V. Then
pomg(a) = p(oglconst,)) = oy[const)] =y (a)
since const,, is the corresponding constant function on P.(\).

For § < A consider the representing function ks: P.(\) — & , ks(x) = otp(d N x). Then for
x € P.()\) we have

kj(x) =ks(z N A)=otp(d N (xNA)) =otp(d Nx)
which is the function representing ¢ in Ult(V,U). Hence
p(8) = ploglke]) = oulki] =. =
Theorem 89. Let k be supercompact. Then there exists a Laver function f: x — V. such

that for every x and every A\ > k with A > card(TC(x)) there exists a A-supercompact ultra-
filter U on k such that my(f)(k) =2 .
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